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#/1%/1+' )+6 (#$1%) (+/*09:#) ;%&# + )#",0/1#

-#)$#.& *+* <=(5$#0#$>+ 2,3$ G )/ 0")4! .%+#$/,%#, 0,"$'! , H - )/ 5)60")4! ', G

*!/ ;%'+*, .%+#!1 9%#:! H - .%+#$/,%#, 0,"$'!1

/#.)0"1$&'()2 =# |G : H| = r' (+! r ∈ N' 1#!+) ?,# G = Ht1 ˙
⋃

Ht2 ˙
⋃

... ˙
⋃

Htr' (+!

t1 = 1' 3 % ,/02+ *0)@,/1% *# r (&%))#) &%1#$%0) <A *0$#01% *# H #! G>7 B#!+) 1%!63!

G = 〈X〉' (+! X ⊆ G # |X| <∞7

C"+$%' (+/)0*#$#!+) + (+/@,/1+ T (X∪X−1)T−1' +/*# T = {t1, t2, ..., tr} 3 + (+/@,/1+

*+) $#-$#)#/1%/1#) *%) (&%))#) &%1#$%0) (01%*%) %(0!%7  ))# (+/@,/1+ 3 (&%$%!#/1# ./01+7

C&3! *0))+' -%$% 1+*+ a ∈ H ≤ G' )#/*+ G ./01%!#/1# "#$%*+ -+$ X' #D0)1#! ,!

0/1#0$+ s # #&#!#/1+) x1, x2, ..., xs #! X ∪X−1
' (+! a = x1x2...xs7

E%$% 1+*+ g ∈ G # 1+*+ i = {1, 2, ..., r}' #D0)1#! h = h(i, g) ∈ H # j = (i, g) 1%0)

?,# tig = htj7 C))0!' h = tigt
−1
j ∈ TgT−1 # (+!+ G = 〈X〉' g 3 ,! -$+*,1+ *# #&#F

!#/1+) *+ (+/@,/1+ X ∪ X−1
# -+$ 0))+' ;%&# ?,# h ∈ 〈T (X ∪ X−1)T−1〉7 G+"+' -%$%

(%*% ,! *+) x′js %(0!% ;2+ #D0)10$ h′js #! T (X ∪ X−1)T−1 # t′ijs #! T ' *# !+*+ ?,#

t1x1 = h1ti1 # tIjxj+1 = hj+1tij+1
' (+! j = 1, 2, ..., s − 17 E+$1%/1+' -+*#!+) #)($#;#$

% 0",%&*%*# a = t1a = t1x1x2...xs = (t1x1)x2...xs = (h1ti1)x2...xs = h1(ti1x2)x3...xs =

h1(h2ti2)x3...xs = h1h2(ti2x3)x4...xs7  ! ./01+) -%))+) 1#$#!+) a = h1h2...hs−1hstis ' )# #

)+!#/1# )#' tis = h−1s ...h−12 h−11 a ∈ H' @H ?,# +) h′js # a )2+ #&#!#/1+) *# H7  /12+ tis ∈ H

# %))0! tis = t1 = 17 I+/)#?,#/1#!#/1#' a = h1h2...hs -#$1#/(# % 〈T (X ∪X−1)T−1 ∩H〉7

=#",# ?,# H ≤ 〈T (X∪X−1)T−1∩H〉 # +6;0%!#/1#' 〈T (X∪X−1)T−1∩H〉 ≤ H7 E+$1%/1+'

;%&# ?,# H 3 ./01%!#/1# "#$%*+ -#&+ (+/@,/1+ <./01+> T (X ∪X−1)T−11 �

J



 ! G " #$ %&#'() *+,*-.$(/ '(& P (G) = {W/W ⊆ G} (  !"#$"%! &'( )'*%+( &+ G0

1(,( /#2-(+3#+4( F ,! P (G) " ,!+($*+.,( ,! #$. ,'-./0' ,! /#2-(+3#+4(/ ,! G0

5(& XG = {H ≤ G/H ∈ X} ,!+(4.$(/ . ,'-./0' &!( X1($23*$)!( &+ G) */4( ") .

6.$78*. ,(/ /#2%&#'(/ ,! G 9#! '(//#!$ . '&('&*!,.,! X0

 !"#$%&' ()*) 4+#'- G $- 3*$)! + C ⊂ P (G) $-' ,'-./0' &+ G5 607+-!( 8$+ C 9 $-'

 '&+0' (+: + (!-+"%+ (+: ;'/+- '( (+3$0"%+(  !"&0<=+(>

*: C 6= ∅?

**: ∀X, Y ∈ C: ;'/+ 8$+ X ≤ Y !$ Y ≤ X5

 !"#$%&' ()+) 6'&!( $-  !"#$"%! A + M ⊆ P (A) $-' ,'-./0' &+ ($2 !"#$"%! &+ A5

@- +/+-+"%! M ∈M A '(! +B0(%'C 9 &0%!

*: ! -'0!* +/+-+"%! &+ M (+ X ⊆M )'*' %!&! X ∈M?

**: $- +/+-+"%! -'B0-'/ &+ M (+ M ⊆ X ∈ M 0-)/0 ' 8$+ X = M 5 6+"!%'-!( )!*

M ⋖M5

5(,!$(/ (2/!&;.& 9#! #$ $.*(& !8!$!+4( M ∈M <-./( !=*/4.: " >+*-( ! !8! " ( >+*-(

!8!$!+4( $.=*$.8 ,! M0  ! +?( !=*/4! #$ $.*(& !8!$!+4( !$ M) '(,!$ !=*/4*& ;@&*(/

!8!$!+4(/ $.=*$.*/ !$ M <(# +!+A#$:0

B+,*-.$(/ '(& mM = {M/M " !8!$!+4( $.=*$.8 ,! M} ( -(+3#+4( ,(/ !8!$!+4(/

$.=*$.*/ ,! M0 5(,!$(/ 4!& mM = ∅ $!/$( /! M 6= ∅0

,-!./0' ()1) *: 4+#' G $- 3*$)! '2+/0'"!5 D"%E! M⋖G (+: + (!-+"%+ (+: |G : M | = p:

 !- p )*0-!?

**: F 3*$)! '&0%0;! (Q,+) &!( "G-+*!( *' 0!"'0( "E! )!(($0 ($23*$)!( -'B0-'0(> H!&!

($23*$)! )*I)*0! &+ Q %+- ."&0 + 0"J"0%!?

***: 4+#' G = SA: ! 3*$)! (0-9%*0 ! (!2*+ A  !- |A| 6= 25 4+#' k ∈ A5 D"%E!

M = Gk = {g ∈ G/kg = k}⋖G.

C



 !!"#$%&'"(!) α : Mg −→ kg *)+"! ,-) α . -+% /$0)12" ') G : M !"/3) A4 5%3*$#-(

6%3+)&*) % #%3'$&%6$'%') |A| = |G : M |4  $&'%7 !) |A| = n < ∞7 )&*2" |G : M | = n4

5"3*%&*"7 !"/3) " 8&'$#) ') ,-%6,-)3 !-/93-:" +%;$+%67 &2" :"')+"! )!*%/)6)#)3 &)&<-+%

3)!*3$12"4

 !"#$%&'()*#+  ! "# G $ %&#' %()* #(+,) +)-) ./&01/2) -# G $ ()13%'4 "# +#3).

M ⋖ G* #(+,)

G

M
$ /3 01/2) (,) +1 5 %' .#3 ./&01/2). 21621 ). .#* # .)3#(+# .#*

∣

∣

∣

∣

G

M

∣

∣

∣

∣

= |G : M | = p* 7)3 p 21 3)4

  ! "/2)(8%3). 9/# U < Q # |Q : U | = n <∞4 :)(. -#1#

ϕn : Q −→ Q

r 7−→ nr

2%1% +)-) r ∈ Q4 ;#3). 9/# ϕn $ /3 #(-)3)1<.3) -# (Q, r)4 =%1% +)-) r ∈ Q* +#3).

n(r + U) = nr + U = U > -#(+ -%-#!* 2%1% +)-) r + U ∈
Q
U

4 ?)0)* nr ∈ U < Q # ϕn (,)

$ .)&1#@#+)1A ϕn(G) ⊆ U < Q4 B.+) 7)(+1%- C ) D%+) -# 9/# 2%1% +)-) r ∈ Q* r = ϕn

( r

n

)

*

)/ .#@%* ϕn $ .)&1#@#+)14 ?)0)* |G : U | =∞4

   ! :'%1) 9/# M ⋖ G* 2) . |A| 6= 24 "#@% X ≤ G* 7)3 M < X ≤ G4 EF .+# g0 ∈ X\M *

7)3 kg0 6= k4 "#@% g /3 #'#3#(+) 9/%'9/#1 -# G4 "# kg = k, g ∈M ⊆ X # X = G4

"/2)(8%3). 9/# kg 6= k4 "#@% % 2#13/+%G,) y = (kgkg0)(k) ∈ M 4 ;#3). kg0y = kg

# -%H k = kgy−1g−10 )(-# gy−1g−10 ∈M ⊆ X4 I%H* g ∈ Xg0y ⊆ X # X = G4

α : Mg −→ kg $ /3% & @#G,)A I# D%+)*

>%! =%1% +)-) g1, g2 ∈ G* +#3).

Mg1 = Mg2 ⇔ g1g
−1
2 ∈M ⇔ kg1g

−1
2 = k ⇔ kg1 = kg2.

?)0)* α $  (@#+ 5%4

>&! =%1% +)-) l ∈ A* -#<(% gl = (kl) #(+,) α : Mgl −→ kgl = l # -%H % .)&1#@#+ 5 -%-#4

=)1+%(+) α $ & @#+ 5%4 �

 !,$-)*# ./0/ =$>)+"! ,-) -+% ?%+86$% F ') !-/#"&0-&*"! ') -+ 93-:" G . $&'-*$(

@%+)&*) "3')&%'% !)7 ) !"+)&*) !)7 F !)+:3) #"&*.+

⋃

W∈C

W 7 % -&$2" '"! *)3+"! ')

J



 !"# !$% &"'$(" C '$)*%+ '$ F ,

 !"#$%& '()( -$." G !/ 0%!1+ $ 2$."

F = {H/H EG $ H ∈ LN}

" 3"/4#(" '+2 2!50%!1+2 )+%/"(2 #+&"#/$)*$ )(#1+*$)*$2 '$ G, 6"%"  !"# !$% &"'$(" C

'$ F 7 &+)2('$%$/+2 " !)(8+ L =
⋃

A∈C

A, -$0!$ '$ 5%$9$2 "%0!/$)*+2  !$ L E G, :0+%"7

'"'+2 ;)(*+2 $#$/$)*+2 l1, l2, ..., lk ∈ L7 &+/ k ∈ N7 9"#$  !$ )" 1(+% '"2 <(1=*$2$27 &"'"

li ∈ Ai7 +)'$ &"'" Ai > !/ $#$/$)*+ '" &"'$(" C7 1"%" *+'+ i = 1, 2, ..., k, 6+%*")*+7 *$/+2

 !$ l1, l2, ..., lk ∈ Aj7 1"%" "#0!/ j ∈ {1, 2, ..., k}, ?+/+ Aj ∈ F 7 2$0!$  !$ + 2!50%!1+

〈l1, l2, ..., lk〉 > )(#1+*$)*$, -$0!$ $)*8+  !$ L ∈ F $ " 3"/4#(" F > ()'!*(9"/$)*$ +%'$)"'",

 !"! #$%&'(#)!" )"*+,' -!#' )&"!#' +,.&-,' *'!" , '&)*#$(&

*"#+ '(' /0&-! .& 1,"$2( @+'" 3"/4#(" '$ 2!50%!1+2 ()'!*(9"/$)*$ +%'$)"'" 1+22!( !/

$#$/$)*+ /"A(/"#,

345!$., $,%!-&$(& +!"! , 67&-+4, 89:; +&4, 0&-! .& 1,"$; , <,$=*$(, mF .,' '*>?

)"*+,' -!7#-!#' .& F @ $A, %!B#,9 3* '&=!; +!"! (,., )"*+, G +,.&-,' <,$'#.&"!" *-

-!#," '*>)"*+, $,"-!4 4,<!4-&$(& $#4+,(&$(&9

,"-./01& '(2( B/" 3"/4#(" ∅ 6= M ⊆ P (A) 2"*(23"C " &+)'(D8+ /"A(/"#7 2$  !"# !$%

&"'$(" C ⊆M 1+22!( !/ /"(+% $#$/$)*+,

C&'(& '&$(#., D!B&-,' !

E



 !"#$%&' ()*)  !"# G $% &'$()*

 !  ! S +),-.-/! 0! /)0)- )- -$1&'$()- 0! G2 0.3!%)- 4$! G -#/.-5#3 # +),0.67) %#8.%#9

4$#,0) S -#/.-5#3 # +),0.67) %#8.%#9: #,#9)&#%!,/!2 0.3!%)- 4$! G -#/.-5#3 # +),0.67)

%.,.%#9 4$#,0) S -#/.-5#3 # +),0.67) %.,.%#9* ;!,)/#%)- !-/#- +),0.6<!- ()' =#8 !

=.,2 '!-(!+/.>#%!,/!:

  !  ! N +),-.-/! 0! /)0)- )- -$1&'$()- ,)'%#.- 0! G2 0.3!%)- 4$! G -#/.-5#3 # +),0.67)

%#8.%#9 -)1'! )- -$1&'$()- ,)'%#.- 4$#,0) N -#/.-5#3 # +),0.67) %#8.%#9* ?,#9)&#@

%!,/!2 0.3!%)- 4$! G -#/.-5#3 # +),0.67) %.,.%#9 -)1'! )- -$1&'$()- ,)'%#.- 4$#,0) N

-#/.-5#3 # +),0.67) %.,.%#9* ;!,)/#%)- !-/#- +),0.6<!- ()' =#8@n ! =.,@n2 '!-(!+/.>#@

%!,/!:

   !  ! A +),-.-/! 0! /)0)- )- -$1&'$()- #1!9.#,)- 0! G2 0.3!%)- 4$! G -#/.-5#3 # +),0.67)

%#8.%#9 -)1'! -$1&'$()- #1!9.#,)- 4$#,0) A -#/.-5#3 # +),0.67) %#8.%#9* ?,#9)&#%!,/!2

0.3!%)- 4$! G -#/.-5#3 # +),0.67) %.,.%#9 -)1'! -$1&'$()- #1!9.#,)- 4$#,0) A -#/.-5#3

# +),0.67) %.,.%#9* ;!,)/#%)- !-/#- +),0.6<!- ()' =#8@ab ! =.,@ab2 '!-(!+/.>#%!,/!*

+!',!-. ()/) ?- +9#--!- =#82 =#8@n2 =., )$ =.,@n -7) 5!+A#0#- (#'# -$1&'$()- !

!8/!,-<!-*

 !-'#01,.%&'2 "#$%&'( # )%&'*(+$#,-' .#$# # /0#((% 1#2*

3%4#& G 5& 6$5.' % H ≤ G7 8'*( )%$% H1 ≤ H2 ≤ ... 5&# (9$ % #(/%*)%*+%  *:* +#

)% (5;6$5.'( (5;*'$&# ( )% H7 <6'$# Hi∩G 9 (5;*'$&#0 %& G7 3% G (#+ (=#> # /'*) ,-'

1#2? %*+-' %2 (+% n > 0 +#0 @5% Hn ∩ G = Hn+1 ∩ G7 A% '*)% (%65% @5% Hn = Hn+17

B'$+#*+'? # (9$ % )#)# .'((5 5& %0%&%*+' &#2 &#0? 0'6'? H (#+ (=#> # /'*) ,-' 1#2*

3%4# N 5& (5;6$5.' *'$&#0 )% G7 35.'*C#&'( @5% N %

G

N
.'((5 # /'*) ,-' &#2 D

&#0 % (%4# G1 ≤ G2 ≤ ... 5&# (9$ % #(/%*)%*+%  *:* +# )% (5;6$5.'( (5;*'$&# ( )% G7

<6'$# Gi ∩N 9 (5;*'$&#0 %& N %

GiN

N
9 (5;*'$&#0 %&

G

N
7 B'$+#*+'? %2 (+% 5& r > 0

+#0 @5% Gr ∩ N = Gr+1 ∩ N % GrN = Gr+1N 7 A#E? (%@5% @5% Gr = Gr+17 <(( &? # (9$ %

.'((5 %0%&%*+' &#2 &#0 %? .'$+#*+'? G (#+ (=#> # /'*) ,-' 1#2* �

F# ) $%,-' )'( 6$5.'( &#2 &# ( +%&'( # (%65 *+%

G



 !"#$%&'() *+,+  !"#$ G %$ &'%()* U < G %$ +%,&'%() ('-('.) /! G ! x ∈ G\U 0

1)2/) V = 〈U, x〉* 3!$)+ U < V 0 4235) !6.+3! M 7)$ U ≤M ⋖G0 1#'3.7%8#'$!23!* +!

G = 〈U, x〉* !235) !6.+3! +%,&'%() $#6.$#8 M !$ G 7)$ U ≤M ⋖G0

-#.)/"0$&'()1  !"#$%&'& ( )(*+,$(

M = {X/U ≤ X ≤ V, x /∈ X}.

-&*!# U ∈ M & (##$* M 6= ∅. /&0( C ⊂ M 1*( 2(%&$( & J =
⋃

Y ∈C

Y .  ,('(*&"3&4

U ≤ J ≤ V & x /∈ J 4 #&"5! x &#36 &* (,71* Y ∈ C. 8!7! J ∈ M &M 9 $"%13$:(*&"3&

!'%&"(%(.

/&0( M 1* &,&*&"3! *(;$*(, &* M <=&,! 8&*( %& >!'"?. @"35! U ≤ M ≤ V 2!*

x /∈M . A('3$21,('*&"3&4 3&*!# M < V .

M 9 $#6.$#8 !$ V : /&0( M < L ≤ V . @"35! L /∈ M 2!* U ≤ L ≤ V & (##$*4

x ∈ L.

B7!'(4 V = 〈U, x〉 ≤ L ≤ V & V = L4 ! C1& "!# %6 M ⋖ V . �

-#2/3'() *+4+ ;.<!$)+ =%! %$ &'%() G 9 2)!3>!'.#2) <)% +#3.+?#<!2/) # 7)2/.@5) $#A

6.$#8 (#'# +%,&'%()+ ? +! )7)''!<$? %$# <3)/#+? /# <#+? (')('.!/#/! <+? +!&%.23!+:

$? B)/# ?#$C8.# 25) D#<.# /! +%,&'%()+ /! G ()++%. %$ !8!$!23) $#6.$#8E

$$? B)/# 7#/!.# #+7!2/!23! U0 ≤ U1 ≤ ... ≤ Un ≤ ... /! +%,&'%()+ /! G 9 F2.3#E

$$$? B)/) +%,&'%() /! G 9 F2.3#$!23! &!'#/)0

5#.& *+6 <%& D&%&E$"7?+  !"#$ H,K,L +%,&'%()+ /! G* 7)$ L ≤ H* !235) 3!$)+ =%!:

L(H ∩K) = H ∩ LK ! (H ∩K)L = H ∩KL0

F(,& ,&*G'(' C1&4 &* 7&'(, KL 6= LK4 $#3! 94 3("3! LK & KL C1("3! H ∩ KL &

H ∩ LK "5! ='&2$#(* #&' #1G7'1=!# %& G.

-#.)/"0$&'()1 H!#3'('&*!# C1& L(H∩K) = H∩LK.  ,('! C1& L(H∩K) ⊆ H∩LK.

/&0( x = h = lk ∈ H ∩LK4 2!* h ∈ H, k ∈ K & l ∈ L. /&71& C1& k = l−1h ∈ H ∩K4 =!$#

IJ



L ≤ H  !"# x ∈ L(H∩K)$ %&'&( H∩LK ⊆ L(H∩K)  ( )&*+",+&( L(H∩K) = H∩LK$ �

 !"#"$%&'" ()()  !"# G $% &'$()* N EG+ ,-./) G 0 -)!.1!'2#-) 3!* ! 3)%!-.! 3!* N

!

G

N
3/) -)!.1!'2#-)3+

*+,"-$.!/&'"0 -&,./! * 0&. 10" 2"! /" ".2 ,! ,+ ! .13'*1)&. ! G

H1 ≤ H2 ≤ ... ≤ Hi ≤ ... ≤ G

-&0& N  

G

N
.4& ,& +5 */",&(  6/.+ n ∈ N +"7 81 Hi ∩ N = Hn ∩ N  HiN = HnN (

)"*" +&!& i ≥ n$ 9'&*"(

Hi = Hi ∩ (HiN) = Hi ∩ (HnN) = Hn(Hi ∩N) = Hn(Hn ∩N) = Hn, ∀ i ≥ n;

&1 . :"( " 2"! /" 2&,./! *"!" ; <,/+"$ =&*+",+& G ; ,& +5 */",&$

9'&*"( . :" N EG$ > G ; ,& +5 */",&(  ,+4&  6/.+ 10" 2"! /" ".2 ,! ,+ <,/+"

1 = G0 ≤ G1 ≤ ... ≤ Gn = G

! .13'*1)&. ! G$ -&,./! * 0&. Ni = N ∩ Gi )"*" i = 0, 1, ..., n$ 9../0( + 0&. 10"

2"! /" ".2 ,! ,+ <,/+"

1 = N0 ≤ N1 ≤ ... ≤ Nn = N

! .13'*1)&. ! N $

?0

G

N
)&! 0&. 2&,.+*1/* 10" 2"! /" ".2 ,! ,+ <,/+"

N

N
=

G0N

N
≤

G1N

N
≤ ... ≤

GnN

N
=

G

N

! .13'*1)&. ! 

G

N
$ =&*+",+&( N  

G

N
.4& ,& +5 */",&.$ �

 ! "#$%&' ()*%&+,-+,'

*+1-%&'" ()2) 4% &'$() G 0 52.) -26().!-.! 3! !% G !723.! $%# 30'2! 8-2.# 5! 3$9&'$()3

1 = G0 ≤ G1 ≤ ... ≤ Gn−1 ≤ Gn = G

@@



 !" #$% Gi EG %

Gi

Gi−1

≤ Z

(

G

Gi−1

)

&!'!  ()( i = 1, 2, ..., n*

 !"#$%&'( )'* N % +"!,,% "'( +*,)'( !#-)'./!./(0

 !"#"$%&'" ()*) - +"!,,% N )(, .'$&(, /0"&( %/ %, 1 2%+3!)! ! ,$4.'$&(,5 #$(+0%/ %, %

&'()$ (, )0'% (, )% )(0, 2! ('%,*

+,-".$/!0&'"1 1/2%& G ,& +*,)' !#-)'./!./ $'& cl(G) = c / H ≤ G0 1/!"' G

!#-)'./!./ "/ $-%((/ c3 ./&'( 4,/ /5#(./ ,&% (6*#/

1 = G0 ≤ G1 ≤ ... ≤ Gc−1 ≤ Gc = G3

'!"/ Gi EG /

Gi

Gi−1

≤ Z

(

G

Gi−1

)

3 )%*% i = 1, ..., c0 7'!(#"/*/ % (6*#/

1 = H0 ≤ H1 ≤ ... ≤ Hc−1 ≤ Hc = H3

'!"/ Hj = Gj ∩H3 )%*% j = 0, 1, ..., c0 8/&'( 4,/ Hj EH3 )%*% .'"' j = 0, 1, ..., c3 )'#(

Gj EG0

9%&'( &'(.*%* 4,/

Hi

Hi−1

≤ Z

(

H

Hi−1

)

3 )%*% .'"' i = 1, 2, ..., c0

1/2%& xHi−1, hHi−1 /-/&/!.'( 4,%#(4,/* "/

Hi

Hi−1

0 8/&'( 4,/ [xHi−1, hHi−1] = [x, h]Hi−10

:+'*%3 x ∈ Hi−1 / "%; x ∈ Gi−1 / h ∈ H3 ', (/2%3 h ∈ G3 -'+' [x, h] ∈ Gi−1 ∩H = Hi−13

#(.' 63 [xHi−1, hHi−1] = Hi−13 ', (/2%3 xHi−1 ∈ Z

(

H

Hi−1

)

/ "%;

Hi

Hi−1

≤ Z

(

H

Hi−1

)

0

:+'*%3 (/2% N EG, cl(G) = c / $'!(#"/*/ % (6*#/

N

N
=

G0N

N
≤

G1N

N
≤ ... ≤

Gc−1N

N
≤

GcN

N
=

GN

N
.

8/&'( 4,/

GiN

N
E
G

N
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G

Φ(G)
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