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Resumo

Consideramos funcionais relacionados ao fluxo da curvatura média em um espaço ambiente
que evolui por um fluxo de Ricci estendido, dando continuidade a uma perspectiva introduzida
por Lott em seu artigo sobre o fluxo da curvatura média em um espaço ambiente que evolui
pelo fluxo de Ricci. Focamos principalmente em uma versão estendida ponderada da ação de
Gibbons-Hawking-York sobre métricas Riemannianas em variedades compactas com bordo.
Calculamos suas propriedades variacionais, a partir do qual surgem naturalmente as condições
de bordo para analisar a derivada tempo sobre um fluxo de Ricci-Perelman estendido modificado.
Nesta fórmula de derivada tempo aparece uma extensão da expressão diferencial de Harnack-
Hamilton. Obtemos equações de evolução para a segunda forma fundamental e a curvatura
média em um fluxo de Ricci estendido. No caso especial de solitons gradientes, discutimos
solitons de curvatura média e uma monotonicidade tipo Huisken. Mostramos como construir
uma família de solitons de curvatura média e uma caracterização de tal família. Finalmente,
apresentamos exemplos de solitons de curvatura média em um fluxo de Ricci estendido.

Palavras-chave: Ação de Gibbons-Hawking-York, Fluxo de Ricci estendido, Fluxo da curvatura
média, Monotonicidade tipo Huisken.



Abstract

We consider functionals related to mean curvature flow in an ambient space which evolves by
an extended Ricci flow from the perspective introduced by Lott when studying mean curvature
flow in a Ricci flow background. Mainly, the functional we focus on the Gibbons-Hawking-
York action on Riemannian metrics in compact manifolds with boundary. We compute its
variational properties, from which naturally arise boundary conditions to the analysis of its
time-derivative under Perelman’s modified extended Ricci flow. In this time-derivative formula
an extension of Hamilton’s differential Harnack expression on the boundary integrand appears.
We also derive the evolution equations for both the second fundamental form and the mean
curvature under mean curvature flow in an extended Ricci flow background. In the special case
of gradient solitons to the extended Ricci flow, we discuss mean curvature solitons and establish
Huisken’s monotonicity-type formula. We show how to construct a family of mean curvature
solitons and establish a characterization of such a family. Finally, we present examples of mean
curvature solitons in an extended Ricci flow background.

Keywords: Gibbons-Hawking-York action, Extended Ricci flow, Mean curvature flow, Huisken-
type monotonicity.
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Introduction

One of the greatest mathematical achievements of this century was the proof of Thurston’s
Geometrization Conjecture, by Perelman, which, as a consequence, settled affirmatively the
celebrated Poincaré’s Conjecture. The main tool used by Perelman in his proofs was the Ricci
flow, introduced by Hamilton [Ham82], which is defined as follows. Let G := {g(t)}t∈[a,b] be
a smoothly varying family of Riemannian metrics on an (n ⩾ 3)-dimensional compact smooth
manifold M. One says that G satisfies the Ricci flow equation if

∂

∂t
g(t) =−2Ricg(t) ∀t ∈ [a,b], (1)

where Ricg(t) denotes the Ricci curvature of (M,g(t)).
Hamilton established the existence and the uniqueness of solutions to (1) in a maximal

interval [0,T ), T ⩽ +∞, for any given initial metric g = g(0). This maximal solution is then
called the Ricci flow with initial condition g, and T (whenever finite) is called the blow-up time
of the flow.

The standard example of a Ricci flow is the family G := {g(t)}t∈[0,T ) of metrics on the 3-
sphere S3 with g(0) = r2

0gS3 and g(t) = (r2
0 −4t)gS3, where r0 > 0 and gS3 denotes the standard

Euclidean metric of S3. One then verifies that the blow up time of this flow is T = r2
0/4.

An important geometric flow also considered by Hamilton was the celebrated mean curvature
flow (MCF, for short), which falls in the class of extrinsic geometric flows (see definition below).
Since then, mean curvature flow has been a constant object of investigation and has experienced
great development in the last decades. It should also be mentioned that MCF has applications
in many fields, including geometric analysis, geometric measure theory, and partial differential
equations, to name a few.

A significant contribution given by Perelman to the study of the Ricci flow was the discovery
of its gradient-like structure, namely, he showed how the Ricci flow can be regarded as a
gradient flow from its F-functional on compact manifolds with weighted preserving-measure,
for details see [Per02, Sects. 1 and 3] and [KL08, Sects. 10 and 12]. Moreover, he defined an
associated entropy by means of its W-functional (see Section 1.2).

In a similar way, List showed how the extended Ricci flow can also be regarded as a gradient
flow (cf. [Lis08, Lem. 3.4 and Thm. 6.1]). Moreover, he proved the existence of a Perelman
F-type functional such that the stationary points are solutions to the static Einstein vacuum
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equations and studied an extended parabolic system which is equivalent to the gradient flow
of his functional. We will see that, in the boundary case, interesting properties arise when the
boundary evolves by some geometric flow.

In [Eck07], Ecker defined a version of Perelman’s W-functional for Ricci flow on bounded
domains with smooth boundary. Curiously, in its time-derivative formula, it appears Hamilton’s
differential Harnack expression on the boundary integrand. It should also be mentioned that, in
this work, Ecker conjectured that his functional is nondecreasing in time under mean curvature
flow of any compact hypersurface in Rn, see (1.25) and Prop. 2.19 for the definition of Ecker’s
functional and its time-derivative.

Inspired by Ecker’s work, Lott [Lot12] approached mean curvature flow in arbitrary Ricci
flow background by introducing an analogue of Perelman’s F-functional for a manifold M
with boundary ∂M. More precisely, he added a boundary term to the interior integral of F ,
obtaining then a weighted version I∞ of the Gibbons-Hawking-York action [GH77, Yor72], see
also Araújo [Ara03]. In a similar way, one can think of an analogous conjecture for weighted
Gibbons-Hawking-York action I∞ under the mean curvature flow in a Ricci flow background,
which is still an open problem. In both cases, an answer for these open problems required a
study on the boundary integrand of the time-derivative of these functionals. In this setting, the
main results obtained by Lott include the determination of the evolution equations of the action
I∞, of the second fundamental form of ∂M, and of the mean curvature of ∂M under Perelman’s
modified Ricci flow.

In this thesis, we intend to consider Lott’s program in the context of mean curvature flow
in an extended Ricci flow background. To be more precise, let M be an n(⩾ 3)-dimensional
smooth manifold and let (g(t),w(t)) be a solution to the extended Ricci flow{

∂

∂t g(t) =−2Ricg(t)+2αn dw(t)⊗dw(t),
∂

∂t w(t) = ∆g(t)w(t),
(2)

in M× [0,T ), for some initial value (g,w). Here and throughout this thesis, αn =(n−1)/(n−2),
Ricg(t) stands for the Ricci tensor of the Riemannian metric g(t), the Laplacian operator ∆g(t)

is the trace of the Hessian operator Hessg(t), and dw(t)⊗ dw(t) denotes the tensor product of
the 1-form dw(t) by itself, which is metrically dual to gradient vector field ∇w(t) computed on
g(t) of a scalar smooth function w(t) on M. For an account of extended Ricci flows, including
proof of short-time existence of solutions to (2) on complete manifolds, we refer to [Lis08,
Thm. 4.1]. In this paper, List also showed that Hamilton’s Ricci flow and the static Einstein
vacuum equations are closely connected by extended Ricci flow, which justifies the value of the
constant αn. So, he provided an interesting and useful link from problems in low-dimensional
topology and geometry to physical questions in general relativity.

A gradient soliton to the extended Ricci flow is, by definition, a self-similar solution
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(g(t),w(t)) of (2) given by {
g(t) = σ(t)ψ∗

t g,
w(t) = ψ∗

t w,

for some initial value (g,w), where ψt is a smooth one-parameter family of diffeomorphisms
of M generated from the flow of ∇g f/σ(t) computed on g, for some f ∈ C∞(M), and σ is a
smooth positive function on t. By setting f (t) = ψ∗

t f , the system (2) becomes{
Ricg+Hessg f −αn dw⊗dw = c

2t g,
∆gw = ⟨∇g f ,∇gw⟩g,

where c = 0 in the steady case (for t ∈ R and ψ0 = Id), c = −1 in the shrinking case (for
t ∈ (−∞,0) and ψ−1 = Id) and c = −1 in the expanding case (for t ∈ (0,∞) and ψ1 = Id).
Moreover,

∂

∂t
f = ∥∇g f∥2

g.

The function f is then called the potential function. For details and proofs, see Subsection 2.3.3.
We shall consider mean curvature flows in the following context: let (g(t),w(t)) be an

extended Ricci flow in M × [0,T ). Given an (n− 1)-dimensional smooth compact manifold
Σ without boundary, let {x(·, t); t ∈ [0,T )} be a smooth one-parameter family of immersions of
Σ into M. For each t ∈ [0,T ), set xt = x(·, t) and Σt for the hypersurface xt(Σ) of (M,g(t)), i.e.,

Σt := (xt(Σ),g(t)), t ∈ [0,T ),

and suppose that the family F := {Σt ; t ∈ [0,T )} evolves under mean curvature flow{
∂

∂t x(p, t) = H(p, t)e(p, t),
x(p,0) = x0(p),

where H(p, t) and e(p, t) are the mean curvature and the unit normal of Σt at the point p in
Σ, respectively. In this setting, we say that F is the mean curvature flow in the (g(t),w(t))-
extended Ricci flow background. In the particular case (g(t),w(t)) = (g(t),w(t)) is a gradient
soliton to the extended Ricci flow on M with potential function f , a hypersurface Σt ∈ F is a
mean curvature soliton, if

H(p, t)+ e(p, t) f = 0 ∀p ∈ Σt .

Here, e( · , t) must be the inward unit normal vector field on Σt .

Now suppose that M is an n(⩾ 3)-dimensional compact smooth manifold with boundary
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∂M. Let met(M) be the set of all metrics g on M. We define the weighted extended Gibbons-
Hawking-York (GHY, for short) action Iαn

∞ on the product P(M) := met(M)×C∞(M)×C∞(M)

as follows

Iαn
∞ (g, f ,w) =

∫
M

(
R∞ −αn|∇w|2

)
e− f dV+2

∫
∂M

H∞e− f dA, (3)

where R∞ =Rg+2∆g f −|∇ f |2 is the weighted scalar curvature of g, the function H∞ =H+e0 f
is the weighted mean curvature with respect to the inward unit normal field e0 on ∂M, the forms
dV and dA are the n-dimensional Riemannian measure of (M,g), and the (n− 1)-dimensional
Riemannian measure of (∂M,g), respectively.

The action Iαn
∞ is the proper extension to our context of the action I∞ introduced by Lott

in [Lot12]. It should also be mentioned that the function R∞ arises quite naturally, as observed
by Perelman [Per02, Sect. 1.3], and H∞ is in fact the appropriate geometric object when we are
using a weighted measure (see, e.g., [Gro03, Sect. 9.4.E] and Section 1.1.4).

Our first main result extends [Lot12, Thm. 1] to the context of mean curvature flow in
an extended Ricci flow background. It reads as follows (see Section 1.1 for definitions and
notation).

Theorem 1. Let M be an n(⩾ 3)-dimensional compact smooth manifold with boundary ∂M,
and let Iαn

∞ be the weighted extended GHY-action on P(M) defined as in (3). Suppose that the
family {∂Mt ; t ∈ [0,T )} is a MCF in the (g(t),w(t))-extended Ricci flow background which
satisfies e0w = 0 on ∂M, where e0 is the inward unit normal vector field on ∂M. Under these
conditions, if u := e− f is a solution to the conjugate heat equation

∂

∂t
u =−∆gu+Rgu−αn|∇w|2u (4)

in M× [0,T ), with e0u = Hu on ∂M, then

d
dt

Iαn
∞ = 2

∫
M

(
|Ric+Hess f −αn dw⊗dw|2 +αn

(
∆gw−⟨∇w,∇ f ⟩

)2
)

e− f dV

+2
∫

∂M

(
∂

∂t
H −2⟨∇̂ f , ∇̂H⟩+A(∇̂ f , ∇̂ f )+2R0i

∇̂i f − 1
2

∇0Rg −HR00

+αnA(∇̂w, ∇̂w)
)

e− f dA,

where A is the second fundamental form of ∂M and ∇̂ f denotes the gradient of f on (∂M,g(t)).

For the proof of Theorem 1, we first study the Perelman’s modified extended Ricci flow (see
Subsection 2.2.1), and then “translate” the results for the context of extended Ricci flow. Also,
as an application of Theorem 1, we obtain an extension of Hamilton’s differential Harnack
expression for the mean curvature flow in Euclidean space to the more general context of mean
curvature flow in a gradient steady soliton background (cf. Corollary 2.21).
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Now let us consider an n(⩾ 3)-dimensional smooth manifold M, and let (g(t),w(t)) be a
gradient soliton to the extended Ricci flow on M for some initial value (g,w) and with potential
function f = ψ∗

t f , where {ψt} is the smooth one-parameter family of diffeomorphisms of M
generated by Yt = ∇g f/σ(t), with σ(t) = −κt and ψ−κ = Id, where κ = 1 in the shrinking
case (for t ∈ (−∞,0)), κ = −1 in the expanding case (for t ∈ (0,+∞)) and σ(t) = 1 in the
steady case (for t ∈ R) with ψ0 = Id. Besides, let {x( · , t)} be a smooth one-parameter family
of immersions of an (n− 1)-dimensional smooth compact manifold Σ without boundary into
M, given by x(·, t) := ψ(·,−t − 2κ) and x(·, t) := ψ(·,−t) in the steady case. For each t, set
Σt := (xt(Σ),g(t)) for the hypersurface of (M,g(t)), and G := {Σt}. With this setting in mind,
we show how to construct a family of mean curvature solitons and establish a characterization
of such a family. This is the content of our second main result.

Theorem 2. If Σ is the f -minimal hypersurface of (M,g), then G is a family of mean curvature
solitons. Besides, any family F of mean curvature solitons is given by G up to reparame-
trization.

Our third main result is Huisken’s monotonicity-type formula for the mean curvature flow in
an extended Ricci flow background, as stated below.

Theorem 3. Let M be an n(⩾ 3)-dimensional smooth manifold. Let (g(t),w(t)) be a gradient
soliton to the extended Ricci flow on M with potential function f . Assume that F := {Σt} is
a MCF in the (g,w)-extended Ricci flow background, denote by dAg the (n− 1)-dimensional
Riemannian measure on Σt induced by g(t), and set Area f (Σt) :=

∫
Σt

e− f dAg . Under these
conditions, the function Φ(t) given by:

(i) R ∋ t 7→ Area f (Σt) in the steady case,

(ii) (−∞,0) ∋ t 7→ (−t)−(n−1)/2 Area f (Σt) in the shrinking case, and

(iii) (0,∞) ∋ t 7→ t−(n−1)/2 Area f (Σt) in the expanding case,

is nonincreasing. Moreover, Φ(t) is constant if and only if F is a family of mean curvature
solitons.

It is worth mentioning here a result by Huisken, from which we know that the shrinking
self-similar solutions to the mean curvature flow in Euclidean space are exactly singularity of
type-I (i.e., the growth rate estimate for the norm of the second fundamental form is bounded)
and asymptotically self-similar which appears as stationary points for the Gaussian area-type
functional playing the role of the energy-type functional (see [Hui90] for details). Theorem 3
is a useful tool for studying an analogous to Huisken’s result to mean curvature solitons in the
(g,w)-extended Ricci flow background.

We point out that, by considering particular cases of our results (for instance, assuming g(t)
or w(t) constant), we recover some previous results on mean curvature flows (see Remarks 2.7,
2.15, 2.18, 2.22 and 2.27).
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The thesis is organized as follows. In Chapter 1, we fix some notation and formulae. We
compute the Laplacian of the second fundamental form on the line of [Hui86], see Subsection
1.1.2. We discuss both scalar curvature and mean curvature in the context of weighted smooth
manifolds, showing that the former arises from the weighted Schrödinger-Lichnerowicz formula
to a weighted Dirac operator (Subsection 1.1.4), whereas the latter is closely related to f -
minimal hypersurfaces (Section 1.1.3). We also discuss the evolution of the weighted GHY-
action and derive some actions in terms of it (Section 1.2). In Chapter 2, we introduce Perelman’s
modified extended Ricci flow (Section 2.2), determine its evolution equations (Subsection 2.2.2)
and provide the proofs of Theorems 1, 2 and 3 (Section 2.3). In Chapter 3, we consider an
(n ⩾ 3)-dimensional smooth compact manifold M with boundary ∂M and define a Perelman’s
Entropy-type functional on P(M)×R+. Next, we prove a version of Theorem 1 for this
functional. In particular, by considering M compact without boundary, we recover the result by
List [Lis08, Thm. 6.1].
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Chapter 1

The weighted Gibbons-Hawking-York
action

In this chapter, we take a closer look at the weighted Gibbons-Hawking-York (GHY, for
short) action from which we derive Perelman’s F and W type functionals on smooth manifolds
with boundary. We begin by fixing some notation and reminding the reader of some basic facts
about Riemannian geometry. After, we compute Laplacian of the second fundamental form
in the line of [Hui86], and we motivate both scalar and mean curvatures on weighted smooth
manifolds. We give the proof for the evolution of weighted GHY-action and derive some actions
in terms of it.

1.1 Preliminaries

In this thesis, the manifolds are assumed to be orientable and connected. Also, in dealing
with flows, we shall usually simplify the notation by suppressing the parameter t. Moreover, we
are using the Einstein summation convention.

We shall adopt the following notation. Let M be an n(⩾ 3)-dimensional compact smooth
manifold with boundary ∂M and let met(M) be the set of all Riemannian metrics on M. Let us
denote the local coordinates at p ∈ M by {xα}n−1

α=0 and the local coordinate basis by {∂α}n−1
α=0,

the corresponding dual basis is denoted by {dxα}n−1
α=0. Near ∂M, we take x0 to be a local

defining function for ∂M. We denote the local coordinates for ∂M by {xi}n−1
i=1 . We choose these

coordinates near a point at ∂M so that ∂0|∂M = e0 is the inward unit normal field e0 on ∂M. The
Greek letters α,β , . . . stand for the indices associated with the coordinates on M, while i, j, . . .
for the indices of the coordinates on ∂M.

For a Riemannian metric g= ⟨,⟩ on M we denote by ∇ the Levi-Civita connection on T M and
by ∇̂ the Levi-Civita connection on T ∂M. By simplicity, we also denote ∇α = ∇∂α

. As usual,
let gαβ denote the αβ th entry of the inverse of (gαβ ) in the basis {∂α}n−1

α=0. The Riemannian
volume element of g on M is denoted by dV and dA stands for the induced Riemannian area
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element on ∂M.

In what concerns ∂M (or a hypersurface Σ of M), we write Ai j = ⟨e0,∇∂ j∂i⟩ for its second
fundamental form and H = gklAkl for its mean curvature.

In local coordinates, the Riemannian curvature tensor is given by

Rζ
αβγ∂ζ = Rm(∂α ,∂β )∂γ = ∇β ∇α∂γ −∇α∇β ∂γ

so that Rζ
αβγ = gξ ζ Rαβγξ , where Rαβγξ = ⟨Rm(∂α ,∂β )∂γ ,∂ξ ⟩. The Riemann tensor, in terms

of the Christoffel symbols, is given by

Rζ
αβγ = ∂β Γ

ζ

αγ −∂αΓ
ζ

βγ
+Γ

ξ

αγΓ
ζ

βξ
−Γ

ξ

βγ
Γ

ζ

αξ
.

Furthermore, the Ricci tensor and the scalar curvature are given by

Rαβ := Ricg(∂α ,∂β ) := gγζ Rαγβζ and Rg := gαβ Rαβ ,

respectively. We claim that for all V be a vector field on M with components (v0, . . . ,vn−1), we
have

∇β vζ = ∂β vζ + vγ
Γ

ζ

βγ
.

In fact, note that

∇βV = ∇β

(
vγ

∂γ

)
= (∂β vγ)∂γ + vγ

∇β ∂γ = (∂β vζ + vγ
Γ

ζ

βγ
)∂ζ =: ∇β vζ

∂ζ .

The second covariant derivative on M gives us

∇α∇βV = ∂α(∇β vζ )∂ζ +∇β vζ (∇∂α
∂ζ ) = (∂α∂β vζ +(∂αvγ)Γ

ζ

βγ
+ vγ(∂αΓ

ζ

βγ
)+∇β vγ

Γ
ζ

αγ)∂ζ

=: ∇α∇β vζ
∂ζ ,

where

∇α∇β vζ = ∂α∂β vζ +(∂αvγ)Γ
ζ

βγ
+ vγ(∂αΓ

ζ

βγ
)+∂β vγ

Γ
ζ

αγ + vγ
Γ

ξ

βγ
Γ

ζ

αξ
.

As a consequence, we have

∇α∇β vζ −∇β ∇αvζ =−Rζ

αβγ
vγ , (1.1)

which is known as Symmetry Lemma.
For a smooth function f on M, we write its gradient as ∇ f = ∇α f ∂α so that ∇α f = gαβ ∇β f

and |∇ f |2 = gαβ ∇α f ∇β f , where ∇β f = ⟨∇ f ,∂β ⟩.
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For a vector field X on M, we write the divergence of X at g as

divg(X) = gαβ g(∇∂α
X ,∂β ) = gαβ

∇αXβ −gαβ XγΓ
γ

αβ
,

where Xβ = g(X ,∂β ). In particular,

∆g f = divg(∇ f ) = gαβ
∇α∇β f = ∇

β
∇β f ,

where

∇α∇β f := Hessg f (∂α ,∂β ) = g(∇∂α
∇ f ,∂β ) = ∂α∂β f − (∇∂α

∂β ) f .

is the Hessian of f at g.
We denote ∇̂i∇̂ j f and ∆̂ f the corresponding Hessian and Laplacian of f computed in the

induced metric on ∂M.
For a 2-tensor field T on M we consider its associate operator T̃ given by the equation

Tαβ = ⟨T̃ (∂α),∂β ⟩ = ⟨T ζ
α∂ζ ,∂β ⟩, where T ζ

α represents the coordinate of the vector T̃ (∂α).
Hence T ζ

α = gζ γTαγ . By simplicity, we will use T ξ ζ = gξ αgζ γTαγ .
We can also consider ω(X) = T (X ,e0) an 1-form on ∂M with X tangent vector field to ∂M.

Thus, we take the covariant derivative of the boundary on ∂M to obtain

(∇̂iω) j := ∂i(ω(∂ j))−ω(∇̂i∂ j)

= ∂i(T (∂ j,e0))−T (∇̂∂i∂ j,e0)

= (∇iT ) j0 +T (∇∂i∂ j,e0)+T (∂ j,∇∂ie0)−T (∇̂∂ i∂ j,e0)

= (∇iT ) j0 +Ai jT00 −gklAilTjk.

Define ∇̂iTj0 = (∇̂iω) j. Thus

(∇iT ) j0 = ∇̂iTj0 −Ai jT00 +Ak
iTjk. (1.2)

Let us show that the covariant derivative on M always commutes with the trace of an arbitrary
2-tensor field v on M. For simplicity, we write ∇X vαβ := (∇X v)αβ

Lemma 1.1. Let vα
α be the trace of a 2-tensor field v on M. Then

X(vα
α) = gαβ

∇X vαβ .

Proof. It is enough to prove the equality to X = ∂γ . Since gαθ gθζ = δ α
ζ , we get

δγgαβ =−gαξ
Γ

β

γξ
−gξ β

Γ
α

γξ
,
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and then

gαβ (∇∂γ
v)αβ = gαβ

∂γvαβ −gαβ
Γ

η
γαvηβ −gαβ

Γ
η

γβ
vαη

= ∂γ(gαβ vαβ )−∂γgαβ vαβ −gξ β
Γ

α

γξ
vαβ −gαξ

Γ
β

γξ
vαβ

= ∂γ(vα
α).

This finishes the proof of the lemma. □

Recall that Lie derivative to 2-tensor field on M is given by(
LX T

)
i j=X(Ti j)−T ([X ,∂i],∂ j)−T (∂i, [X ,∂ j])=

(
∇X T

)
i j +T (∇∂iX ,∂ j)+T (∂i,∇∂ jX), (1.3)

where
(
∇X T

)
i j =X(Ti j)−T (∇X ∂i,∂ j)+T (∂i,∇X ∂ j). Take traces in (1.3) together with Lemma 1.1

to get

gi j
(
LX T

)
i j
= ∇X(gi jTi j)+gi jT (∇∂iX ,∂ j)+gi jT (∂i,∇∂ jX). (1.4)

Now, we recall the divergence theorem.

Theorem 1.2 (Divergence Theorem). Let (M,⟨,⟩) be an oriented Riemannian manifold with
boundary. For any compactly supported smooth vector field X on M,∫

M
divX dV =

∫
∂M

⟨X , ẽ0⟩dA,

where ẽ0 is the outward unit normal vector field along ∂M.

Proof.∫
M

divX dV=
∫

M
d(X⌟dV)=

∫
∂M

X⌟dV=
∫

∂M
(X⊤+X⊥)⌟dV=

∫
∂M

⟨X , ẽ0⟩ẽ0⌟dV=
∫

∂M
⟨X , ẽ0⟩dA,

where “⌟” is the interior multiplication, X⊤ and X⊥ are the tangential and normal components
of X , respectively (see [Lee12, Thm. 16.32] for more details). □

In this thesis, e0 stands for the inward unit normal vector field along ∂M, thus the divergence
theorem has the opposite sign, as follows∫

M
divX dV =−

∫
∂M

⟨X ,e0⟩dA .

Hence, for all u,v ∈C∞(M), integration by parts is given by∫
M

v∆udV =−
∫

M

〈
∇u,∇v

〉
dV−

∫
∂M

ve0udA (1.5)
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and then ∫
M

(
v∆u−u∆v

)
dV =

∫
∂M

(
ue0v− ve0u

)
dA . (1.6)

1.1.1 Evolution of curvature

In this section, we establish how one can formally take the time-derivative of the Riemann
tensor and the scalar curvature under arbitrary metric variations. Henceforth, we assume by
simplicity that ∇ζ ∇β Tαγ := (∇ζ ∇β T )αγ stands for the second covariant derivative for each 2-
tensor field T on M. We also adopt this notation for k-tensor field T on M, k ∈ {3,4}. Let g(t)
be a smooth one-parameter family of Riemannian metrics on M and the variation of coefficient
of the metrics will be denoted by ∂

∂t gαβ = vαβ . For more details, see [AH11].
We start noting that gαβ gβγ = δ α

γ . Taking the derivate on both sides, we have

∂

∂t
gαβ =−gαγgβζ vγζ . (1.7)

Lemma 1.3. The symmetric 2-tensor field Ric evolves by

∂

∂t
Rαβ =

1
2

gγζ
(
∇ζ ∇β vαγ −∇α∇β vζ γ +∇ζ ∇αvβγ −∇ζ ∇γvαβ

)
. (1.8)

Proof. See, for example, [AH11]. □

Proposition 1.4. The scalar curvature Rg evolves by

∂

∂t
Rg = ∇α∇β vαβ −∇

α
∇αv− vαβ Rαβ . (1.9)

Proof. By definition of escalar curvature Rg, equations (1.8) and (1.7) we obtain

∂

∂t
Rg =

∂

∂t

(
Rαβ gαβ

)
= Rαβ

∂

∂t
gαβ +gαβ ∂

∂t
Rαβ

=−gαγgβζ vγζ Rαβ +
1
2

gαβ gγζ
(
∇ζ ∇β vαγ −∇α∇β vζ γ +∇ζ ∇αvβγ −∇ζ ∇γvαβ

)
=−gαγgβζ vγζ Rαβ +

1
2

gγζ gαβ
∇ζ ∇β vαγ −

1
2

gγζ gαβ
∇α∇β vζ γ +

1
2

gγζ gαβ
∇ζ ∇αvβγ

− 1
2

gαβ gγζ
∇ζ ∇γvαβ

)
=−gαγgβζ vγζ Rαβ +∇α∇β vαβ −∇

α
∇αv

=−vαβ Rαβ +∇α∇β vαβ −∇
α

∇αv.

This finishes the proof of the proposition. □
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1.1.2 Laplacian of the second fundamental form

In this section we compute the Laplacian of the second fundamental form of a hypersurface
(Σ, ∇̂) in a target Riemannian manifold (M,∇). In [Sim68], Simons had computed it for
minimal immersions, likewise Huisken [Hui86, Lem. 2.1] had proposed the corresponding
formula for any hypersurfaces. Here, we will make the proof of this formula as proposed by
Lott [Lot12], namely

∇̂i∇̂ jH = (∆̂A)i j + ∇̂iR j0 + ∇̂ jRi0 −∇0Ri j +Ak
iR0k0 j +Ak

jR0k0i −Ai jR00 +2AklRkil j

−HR0i0 j −HAk
iA jk +AklAklAi j +∇0R0i0 j. (1.10)

Recall the well-known Gauss, Ricci, and Codazzi-Mainardi equations,

R̂ jkim = R jkim +A jiAkm −A jmAki,

R⊥
jk00 = (R jk00)

⊥+grsA jsArk −grsAksA jr = 0

and

R0i jk = ∇̂ jAik − ∇̂kAi j, (1.11)

respectively. For a proof, see [DT19, Sect. 1.3]. By definition

(∆̂A)i j = gkl
∇̂k∇̂lAi j

= gkl
∇̂k(−R0i jl +(∇̂ jA)il)

=−gkl
∇̂kR0i jl +gkl

∇̂k∇̂ jAil.

Using (R jkA)il = gkl∇̂k∇̂ jAil − ∇̂ j∇̂kAil to obtain

(∆̂A)i j =−gkl
∇̂kR0i jl +(R jkA)il + ∇̂ j∇̂kAil,

where (R jkA)il =R⊥
jk00Ail −A(R̂ jk∂i,∂l)−A(∂i, R̂ jk∂l), where the Riemann tensor of boundary

is given by R̂ jk∂i = ∇̂k∇̂ j∂i − ∇̂ j∇̂k∂i with R̂ jk∂i = (R̂l
jk∂i)∂l , R̂l

jk∂i = gmlR̂ jkim. Thus

(∆̂A)i j =−gkl
∇̂kR0i jl +gkl(R jkA)il +gkl

∇̂ j(−R0lik +(∇̂iA)kl).

Now we will compute some terms of this equation. The first one of them is

(R jkA)il =−gms(R jkim +A jiAkm −A jmAki)Asl −gms(R jklm +A jlAkm −A jmAkl)Ais

=−R jkimAm
l −A jiAkmAm

l +A jmAkiAm
l −gmsR jklmAis −A jlAs

kAis +As
jAklAis
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where by Guass equation we get R̂s
jk∂i = gmsR̂ jkim = gms(R jkim +A jiAkm −A jmAki).

Now we are going to proceed as in (1.2). Let T be a 4-tensor field on M, we also can consider
ω(X ,Y,Z) = T (e0,X ,Y,Z) a 3-tensor field on ∂M. Again taking the covariant derivative on the
boundary, we obtain

∇̂iω jkl := ∂i(ω(∂ j,∂k,∂l))−ω(∇̂i∂ j,∂k,∂l)−ω(∂ j, ∇̂i∂k,∂l)−ω(∂ j,∂k, ∇̂i∂l)

= ∂i(T (e0,∂ j,∂k,∂l))−T (e0, ∇̂i∂ j,∂k,∂l)−T (e0,∂ j, ∇̂i∂k,∂l)−T (e0,∂ j,∂k, ∇̂i∂l)

= (∇iT )0 jkl +T (∇ie0,∂ j,∂k,∂l)+T (e0,∇i∂ j,∂k,∂l)+T (e0,∂ j,∇i∂k,∂l)

+T (e0,∂ j,∂k,∇i∂l)−T (e0, ∇̂i∂ j,∂k,∂l)−T (e0,∂ j, ∇̂i∂k,∂l)−T (e0,∂ j,∂k, ∇̂i∂l)

= (∇iT )0 jkl +Ai jT00kl +AikT0 j0l +AilT0 jk0 −gmsAisTm jkl.

Define ∇̂iT0 jkl = ∇̂iω jkl .

∇̂iT0 jkl = (∇iT )0 jkl +Ai jT00kl +AikT0 j0l +AilT0 jk0 −gmsAisTm jkl.

The second one of them is

∇̂kR0i jl = (∇kR)0i jl +AkiR00 jl +Ak jR0i0l +AklR0i j0 −gmsAksRmi jl.

By combining all of the terms, we find that

(∆̂A)i j =−gkl
∇kR0i jl −gklAk jR0i0l −gklAklR0i j0 +gklgmsAksRmi jl +gkl

(
−R jkimAm

l −A jiAkmAm
l

+A jmAkiAm
l −gmsR jklmAis −A jlAs

kAis +As
jAklAis

)
−gkl

∇̂ jR0lik +gkl(∇̂ j∇̂iA)lk.

Since the trace commutes with the covariant derivative on the boundary,

gkl(∇̂ j∇̂iA)lk = ∇̂ j∇̂i(gklAlk),

and using the contracted Bianchi identity

−gkl
∇kR0i jl = gkl

∇0Rik jl +gkl
∇iRk0 jl,

one has

(∆̂A)i j = gkl
∇0Rik jl +gkl

∇iRk0 jl −Al
jR0i0l −HR0i j0 +AlmRmi jl −R jkimAmk −A jiAkmAmk

+A jmAkiAmk −gklR jklmAm
i −A jlAslAis +HAs

jAis −gkl
∇̂ jR0kli + ∇̂ j∇̂iH.

Note that

gkl
∇0Rik jl = ∇0Ri j −∇0Ri0 j0 and gkl

∇iRk0 jl =−gkl
∇iR0k jl =−∇iR0 j +∇iR00 j0,
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together with

−gkl
∇̂ jR0lik =−∇̂ jR0i +∇ jR00i0 and −gklR jklm = gklR jkml = R jm −R j0m0

imply

(∆̂A)i j =∇0Ri j −∇0Ri0 j0 −∇iR0 j−gklAk jR0i0l −gklAklR0i j0 +AlmRmi jl −R jkimAmk −A jiAkmAmk

+A jmAkiAmk +R jmAm
i −Am

iR j0m0 −A jlAslAis +HAs
jAis − ∇̂ jR0i + ∇̂i∇̂ jH.

Hence

(∆̂A)i j = ∇0Ri j −∇0Ri0 j0 −∇iR0 j −Al
jR0i0l −HR0i j0 +2AlmRmi jl −A jiAkmAmk +A jmAkiAmk

+R jmAm
i −Am

iR j0m0 −A jlAslAis +HAs
jAis − ∇̂ jR0i + ∇̂ j∇̂iH.

Thus

(∆̂A)i j = ∇0Ri j −∇0Ri0 j0 − ∇̂iR0 j +Ai jR00 −gklAikRl j −Al
jR0i0l −HR0i j0 +2AlmRmi jl

−A jiAkmAmk +R jmAm
i −Am

iR j0m0 +HAs
jAis − ∇̂ jR0i + ∇̂ j∇̂iH.

By (1.2) applied to T = Ric we have

∇ jR0i = ∇̂ jR0i −Ai jR00 +gklA jkRli

and we finally arrive at

(∆̂A)i j = ∇0Ri j −∇0Ri0 j0 − ∇̂iR0 j +Ai jR00 −Al
jR0l0i +HR0i0 j −2AlmRmil j

−A jiAkmAmk −Am
iR0m0 j +HAs

jAis − ∇̂ jR0i + ∇̂ j∇̂iH,

which is exactly (1.10). Besides, to use forward, take traces in (1.11) to get

R0 j = ∇̂ jH − ∇̂iAi
j. (1.12)

In what follows, we will use the next lemma to describe the Laplacian of a smooth function
on the target manifold in terms of isometric immersion objects.

Lemma 1.5. Let Σ be an n-dimensional Riemannian manifold with Levi-Civita connection ∇̂

and let (M,g) be an (m+n)-dimensional Riemannian manifold with Levi-Civita connection ∇.
Given an isometric immersion f : Σ → M, then for all w ∈C∞(M) we have

∆gw = ∆̂w−g(∇w, H⃗)+gab
∇a∇bw,

where H⃗ is the mean curvature vector field on Σ and a,b ∈ {n+1, . . . ,n+m}.
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Proof. Consider a coordinate system {∂ζ}n+m
ζ=1 so that {∂i}n

i=1 is tangent to Σ and {∂a}n+m
a=n+1 is

normal to Σ, and set αi j = (∇∂ i∂ j)
⊥. Thus for all w ∈C∞(M) we have

∆gw = gαβ

(
∂α∂β w−

(
∇∂α

∂β

)
w
)

= gi j
(

∂i∂ jw−
(
∇∂i∂ j

)
w
)
+gab

(
∂a∂bw−

(
∇∂a∂b

)
w
)

= gi j
(

∂i∂ jw−
(
∇̂∂i∂ j +αi j

)
w
)
+gab

∇a∇bw

= ∆̂w−g(∇w, H⃗)+gab
∇a∇bw,

where H⃗ = gi jαi j is the mean curvature vector field on Σ. □

1.1.3 Mean curvature flow and f-minimal hypersurfaces

In this subsection, we shall state the classic evolution equations for mean curvature flow in
Euclidean spaces. Given an (n−1)-dimensional smooth compact manifold Σ without boundary,
let {x(·, t); t ∈ [0,T )} be a smooth one-parameter family of immersions of Σ in Rn. Set Σt :=
xt(Σ), where xt = x(·, t), and suppose that the family F := {Σt} evolves under mean curvature
flow, i.e., {

∂

∂t x(p, t) = H(p, t)e(p, t),
x(p,0) = x0(p),

(1.13)

where H(p, t) and e(p, t) are the mean curvature and the unit normal of Σt at the point p ∈ Σ,
respectively. For short-time existence of a solution for (1.13) (see, e.g., the book by Mantegazza
[Man11, p. 18]).

If there exist C > 0 so that supp∈Σ |A(p, t)|⩽C/
√

2(Tmax − t), we say that MCF is developing
at time Tmax a type I singularity. Huisken used a functional (see Remark 2.27) in order to classify
these singularities.

Example 1.6. Let Sn(R) be the n-sphere of radius R, and let x(p, t) = r(t)x0(p) be a family of
immersions of Sn(R) into Rn+1, where r(t) =

√
R2 −2nt =

√
2n(Tmax − t) and x0 is the standard

inclusion map. Note that at time Tmax =
R2

2n the sphere shrinks to a point, so the flow becomes
singular (see figure below). Moreover, the norm of the second fundamental form evolves as
|A( · , t)|=

√
n

r(t) =
1√

2(Tmax−t)
.
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r(t)

Figure 1.1: Sphere collapsed in finite time.

Another example is given by the cylinders Sn(R)×R.

Example 1.7. Let Sn(R)×R be the cylinders, and let x̃(p,s, t) = (x(p, t),s) = (r(t)x0(p),s) be
the family of immersions of Sn(R)×R into Rn+2, where r(t) =

√
R2 −2nt =

√
2n(Tmax − t)

and collapse to R at time Tmax =
R2

2n . Moreover, |A( · , t)|=
√

n
r(t) =

1√
2(Tmax−t)

.

r(t)

Figure 1.2: As in the Sphere, the Cylinder also collapsed in finite time.

Spheres and cylinders are special examples of homothetically shrinking flows, that is, hype-
rsurfaces that simply move by contraction during the evolution by mean curvature.

Proposition 1.8. Let F := {Σt} be a family moving by mean curvature flow in Euclidean space.
Then the following evolution equations hold on Σt

∂

∂t
gi j =−2HAi j, (1.14)

∂

∂t
Ai j = (∆̂A)i j −2HAikAk

j +AklAklAi j, (1.15)

∂

∂t
H = ∆̂H +Ai jAi jH, (1.16)

∂

∂t
dA =−H2 dA . (1.17)

For a proof, see [Hui84, Lem. 3.2, Thm. 3.4 and Cor. 3.5] or [Man11, Sect. 2.3].
It is known that minimal submanifolds arise as critical points of the area functional. Recall

that a submanifold of the area functional is called critical if d
dt

∣∣
t=0 Area(X)= 0 for all variational
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vector field X = ∂

∂t

∣∣∣
t=0

xt , where {xt = x( · , t)} is a smooth one-parameter family of immersions
of Σ into M.

For the sake of completeness, we will show an analogous property to f -minimal hypersurfa-
ces which are closely related to this thesis. More precisely, given an n-dimensional Riemannian
manifold (M,g = ⟨,⟩), an isometric immersion x of an (n− 1)-dimensional compact smooth
manifold Σ without boundary into M, and a smooth function f on M.

Let {xt = x( · , t)} be a smooth one-parameter family of immersions of Σ into M, and let X =
∂

∂t

∣∣∣
t=0

xt be the variational vector field along Σ. Let us consider the f -weighted area functional
given by

Area f (t) =
∫

Σ

e− f◦xt dAt ,

where dAt stands for the area element on (Σ,x∗t g). Recall that d
dt

∣∣∣
t=0

dAt =
h
2 dA, where h= trgH

and H= d
dt x∗t g. Hence,

d
dt

∣∣∣
t=0

Area f (t) =
∫

Σ

(
−
〈

∂

∂t

∣∣∣
t=0

xt ,∇ f
〉
+

h
2

)
e− f dA =

∫
Σ

(
−
〈

X ,∇ f
〉
+

h
2

)
e− f dA .

Note that we can write divΣ(e− f X⊤) = e− f divΣ(X⊤)− e− f 〈∇ f ,X⊤〉, so that by divergence
theorem and the known identity h

2 = divΣ(X⊤)−
〈
X , H⃗

〉
, one has

d
dt

∣∣∣
t=0

Area f (t) =
∫

Σ

(
−
〈
∇ f ,X⊥〉−〈

X , H⃗
〉)

e− f dA =−
∫

Σ

H∞

〈
X ,e0

〉
e− f dA,

where one sees that the analog of the mean curvature H∞ := H + e0 f . So the critical points of
the f -weighted area functional on Σ are f -minimal hypersurfaces, i.e., H∞ = 0. Some results
concerning f -minimal hypersurfaces can be found for example in [ALR20], [CZ15], [CVZ21]
and [Wei17].

1.1.4 Weighted scalar curvature

Before defining Perelman’s functional on a compact smooth manifold M without boundary,
let us motivate what R∞ means for an approach of the weighted manifolds. Given f ∈C∞(M),
consider the smooth metric-measure space M= (M,g,e− f dV). As is now well understood, the
analog of the Ricci curvature for M is the Bakry-Emery Ricci tensor Ric∞ = Ricg+Hessg f .
In [Per02, Sect. 1.3], Perelman pointed out the analog of the scalar curvature, namely

R∞ := Rg +2∆g f −|∇ f |2,
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which, in fact, works as a scalar curvature on M, since by divergence theorem and the identity
∆ge− f = (|∇ f |2 −∆g f )e− f , one can deduce∫

M
(Rg +∆g f )e− f dV =

∫
M
(Rg +2∆g f −|∇ f |2)e− f dV =

∫
M

R∞e− f dV .

In order to give a natural interpretation for R∞, Perelman defined the following weighted Dirac
operator D∞ on the spinors ΣgM

D∞ ϕ = Dg ϕ − 1
2

∇ f ·ϕ,

where Dg denotes the Dirac operator which acts on the spinors bundle ΣgM and the product
“ · ” is known as Clifford multiplication (see, e.g., [LM16, Chapt. 2]). There is an equation
that relates the Dirac operator Dg with its Ricci tensor, called by (1

2 Ricg)-formula (see [KF00,
Lem. 1.2]), namely

1
2

R̃icg(X) ·ϕ = Dg(∇X ϕ)−∇X(Dg ϕ)−∑
α

eα ·∇∇eα X ϕ,

where {eα}α is an orthonormal frame on T M. Now the Bakry-Emery tensor on M arises quite
naturally when we use to D∞. In fact,

D∞(∇X ϕ)−∇X(D∞ ϕ)−∑
α

eα ·∇∇eα X ϕ =
1
2
(
R̃icg(X)+ H̃essg f (X)

)
·ϕ =

1
2

R̃ic∞(X) ·ϕ.

The Schrödinger-Lichnerowicz formula which is weaker than (1
2 Ricg)-formula in the sense to

be a contraction (cf. [Hij01, Lem. 4.11]), is

D2
g ϕ =−∇

∗
∇ϕ +

1
4

Rg ·ϕ, (1.18)

where ∇∗∇ϕ =−∑α ∇α∇αϕ . Analogously, we have

D2
∞ ϕ = Dg(D∞ ϕ)− 1

2
∇ f ·D∞ ϕ = D2

g ϕ − 1
2

Dg(∇ f ·ϕ)− 1
2

∇ f ·Dg ϕ +
1
4

∇ f ·∇ f ·ϕ.

Since X ·Y ·ϕ +Y ·X ·ϕ =−2⟨X ,Y ⟩gϕ, and

Dg(∇ f ·ϕ) = ∑
α

eα ·∇eα
∇ f ·ϕ −∇ f ·Dg ϕ −2∇∇ f ϕ,

we obtain (see [Hij01, Sect. 4.3])

D2
∞ ϕ = D2

g ϕ − 1
2 ∑

α

eα ·∇eα
∇ f ·ϕ +

1
2

∇ f ·Dg ϕ +∇∇ f ϕ − 1
2

∇ f ·Dg ϕ − 1
4
|∇ f |2 ·ϕ.
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Moreover, notice that ∆g f ·ϕ = −∑
α

eα · H̃essg(eα) ·ϕ (see, e.g., [KF00, p. 132]), and since

Rg · ϕ = −∑
α

eα · R̃icg(eα) · ϕ and (1.18) we can find that R∞ arises quite naturally of the

weighted Schrödinger-Lichnerowicz formula

D2
∞ ϕ =−∇

∗
∇ϕ +∇∇ f ϕ +

1
4
(
Rg +2∆g f −|∇ f |2

)
·ϕ =−∇

∗
f ∇ϕ +

1
4

R∞ ·ϕ,

where ∇∗
f ∇ϕ = ∇∗∇ϕ −∇∇ f ϕ can be thought as Drift Laplacian on M. This finishes our

remark.

1.2 Perelman’s functionals

Let M be a compact smooth manifold without boundary. In [Per02, Rem. 1.3], Perelman
defined the F-functional on met(M)×C∞(M) as

F(g, f ) =
∫

M
R∞e− f dV (1.19)

or, equivalently,

F(g, f ) =
∫

M
(Rg + |∇ f |2)e− f dV . (1.20)

The functional in (1.19) appeared for the first time in the great work of Perelman in the study
of the Ricci flow on smooth manifolds without boundary. He had discovered that Ricci flow has
a gradient-like structure, i.e., he showed how the Ricci flow can be regarded as a gradient flow
on compact manifolds with weighted preserving-measure (see [Per02, Sects. 1 and 3]).

Of course, when M has a boundary, expression (1.20) contains a boundary term. If we add
a suitable boundary term for (1.19) then we obtain an extension of F for the boundary case,
which has nicer variational properties (see Eq. (1.27) and Subsection 1.2.2). However, without
this additional term, we find in the literature the following result by Cortissoz and Murcia (see
[CM19, Prop. 3.1]).

Proposition 1.9 ([CM19, Prop. 3.1]). Let M be an n-dimensional compact smooth manifold
with boundary ∂M and F : met(M)×C∞(M)→ R the functional defined as

F(g, f ) =
∫

M
(Rg + |∇ f |2)e− f dV .

Then its evolution is given by

δF(v,h) =
∫

M

[
− vαβ (Rαβ +∇α∇β f )+

(vα
α

2
−h

)
(Rg −|∇ f |2 +2∆g f )

]
e− f dV

+
∫

∂M

[
2
(vα

α

2
−h

)
e0 f −

(
∇̂ivi0 −Hv0

0 +Ai jvi j −∇0(gi jvi j)+ vα0
∇α f

)]
e− f dA,
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where the derivative is to be taken on (g, f ) ∈ met(M)×C∞(M), ∂

∂t g(t) = v and ∂

∂t f (t) = h. If,
in addition, vα

α

2 −h = 0 on M, then the following equality holds:

δF(vαβ ,h) =−
∫

M
vαβ (Rαβ +∇α∇β f )e− f dV−

∫
∂M

(
∇̂ivi0 −Hv0

0 +Ai jvi j −∇0(gi jvi j)

+ vα0
∇α f

)
e− f dA .

Remark 1.10. Here, it is important to observe that vα
α

2 − h vanishes identically on M if and
only if the measure dm = e− f dV remains fixed on M, since δ (e− f dV) = (vα

α

2 −h)e− f dV.

Remark 1.11. For the sake of standard notation, we observe that v00 := vζ
0gζ 0 = v0

0.

Proof. The variation of F in direction (v,h) ∈ S2(M)×C∞(M), is defined to be

δF(v,h)(g, f ) =
d
dt

∣∣∣
t=0

F(g+ tv, f + th),

where S2(M) is the set of all symmetric 2-tensor fields on M. For simplicity, let us omit the
duple (g, f ). This implies that

δF(v,h) =
∫

M

[
∇

α
∇

β vαβ −∇
β

∇β vα
α − vαβ Rαβ

− vαβ
∇α f ∇β f +2g(∇ f ,∇h)+(Rg + |∇ f |2)

(vα
α

2
−h

)]
e− f dV .

We must compute the integrals on the right-hand side of the previous identity. We start using
Green’s formula (1.6) to obtain∫

M
e− f (−∆gvα

α)dV =−
∫

M
∆ge− f vα

α dV−
∫

∂M
vα

αe0e− f dA+
∫

∂M
e− f e0vα

α dA .

Now, we use integration by parts (1.5) to compute∫
M

e− f
∇α∇β vαβ dV =−

∫
M

∇αe− f
∇β vαβ dV+

∫
M

∇α(e− f
∇β vβα)dV

=−
∫

M
∇αe− f

∇β vαβ dV−
∫

∂M
∇β vβ0e− f dA

=
∫

M
∇α∇β e− f vαβ dV−

∫
M

∇β (∇αe− f vαβ )dV−
∫

∂M
∇β vβ0e− f dA

=
∫

M
∇α∇β e− f vαβ dV+

∫
∂M

∇αe− f vα0 dA−
∫

∂M
∇β vβ0e− f dA .

Notice that ∇α∇β e− f =−e− f ∇α∇β f + e− f ∇α f ∇β f . Finally by means of (1.5), we have

2
∫

M
e− f g(∇ f ,∇h)dV =−2

∫
M

g(∇e− f ,∇h)dV = 2
∫

M

(
∆ge− f )hdV+2

∫
∂M

he0
(
e− f )dA .
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Thus

δF(v,h) =−
∫

M
vαβ (Rαβ +∇α∇β f )e− f dV+

∫
M

(vα
α

2
−h

)
(Rg −|∇ f |2 +2∆g f )e− f dV

+2
∫

∂M

(vα
α

2
−h

)
e0 f e− f dA−

∫
∂M

(
∇αvα0 −∇0(vα

α)+ vα0
∇α f

)
e− f dA .

By (1.2), we get ∇αvα0−∇0(vα
α) = ∇ivi0−∇0vi

i = ∇̂ivi0−Hv0
0+Ai jvi j −∇0(gi jvi j). This is

enough to conclude the proof of the proposition. □

Remark 1.12. If M has no boundary then Proposition 1.9 appears in [Per02, Sect. 1.1]. In
addition, if vα

α

2 −h = 0 on M, then

δF(v,h) =−
∫

M
vαβ (Rαβ +∇α∇β f )e− f dV . (1.21)

One can think that F has a gradient-like structure constraint to

C :=
{

v ∈ S2(M) : v =
∂

∂t
g(t) and f = ln(

dV
dm

)
}
.

If vα
α

2 − h = 0 on M, then f = ln(dV
dm), see Remark 1.10. As pointed out by Perelman, the

gradient structure for Ricci flow comes from the following functional

Fm(g) = F
(

g, ln
(dV

dm

))
=

∫
M
(Rg + |∇ f |2)dm.

Now we introduce the weighted inner product on S2(M) as

⟨v,s⟩ :=
∫

M
vγζ sγζ e− f dV,

so that we can define the gradient of Fm at g given by

δFm(g)(v) :=
d
dt

∣∣∣
t=0

Fm(g+ tv) = ⟨gradFm(g),v⟩,

for all v ∈ C . This gradient-like structure was the motivation for Perelman to consider the
system below {

∂

∂t g̃(t) := 2gradFm(g̃(t)) =−2(Ricg̃(t)+Hessg̃(t) f̃ (t)),
∂

∂t f̃ (t) := h = vα
α

2 =−∆g̃(t) f̃ (t)−Rg̃(t).
(1.22)

To find a solution to (1.22) we consider a solution of the backward heat equation ∂

∂t f (t) =
−∆g(t) f (t)+ |∇g(t) f (t)|2−Rg(t) along the Ricci flow in M× [a,b], which is obtained as follows.
Let [a,b] be a sub-interval of [0,T ) and g(t) satisfying the Ricci flow equation ∂

∂t g(t)=−2Ricg(t)
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in [a,b]. Take z(t) := e− f (t) and define s = T − t. Since ∆gz = (|∇ f |2 −∆g f )z, one has

∂

∂s
z =

∂

∂t
z

∂

∂s
t = e− f ∂

∂t
f = e− f (−∆g f + |∇g f |2 −Rg) = ∆gz−Rgz

which is a parabolic equation in M × [a,b]. It guarantees the existence of f (t) along the
Ricci flow in M × [a,b]. Now, let {φt}t∈[a,b] be the one-parameter family of diffeomorphisms
generated by {−∇g(t) f (t)}t∈[a,b], with φa = Id. By setting g̃(t) := φ∗

t g(t) and f̃ (t) := φ∗
t f (t),

we have

∂

∂t
g̃(t) = φ

∗
t (

∂

∂t
g(t))+φ

∗
t L d

dt φt
g(t) =−2(Ricg̃(t)+Hessg̃(t) f̃ (t))

and

∂

∂t
f̃ (t) = φ

∗
t (

∂

∂t
f (t))+φ

∗
t L d

dt φt
f (t) =−∆g̃(t) f̃ (t)−Rg̃(t).

The two latter equations imply ∂

∂t f̃ =
g̃αβ ∂

∂t g̃αβ

2 . Hence, (g̃(t), f̃ (t)) is a solution to (1.22).
Now, note that we can use (1.21) to obtain

d
dt
F
(

∂

∂t
g̃,

∂

∂t
f̃
)
= 2

∫
M
|Ricg̃+Hessg̃ f̃ |2e− f̃ dVg̃ .

So, F is constant in t if and only if
(
g̃(t), f̃ (t)

)
is a gradient steady Ricci soliton on M.

System (1.22) is known as Perelman’s modified Ricci flow in M× [a,b].
We say that g is a critical point of Fm if δFm(v) = 0 for all v ∈ C . Note that g is a

critical point of Fm constraint to C if and only if the orthogonal projection of gradFm(g) =
−Ricg−Hessg f onto C is null. Then, the gradient steady Ricci solitons are critical points of
Fm constraint to C .

In [Per02], the functional

W(g, f ,τ) =
∫

M
[τR∞ + f −n]udV =

∫
M
[τ(R+ |∇ f |2)+ f −n]udV, (1.23)

for τ > 0 and smooth functions f on M it is also considered, where

u :=
e− f

(4πτ)
n
2
.

An associated entropy is defined by

µ(g,τ) = inf
{
W(g, f ,τ),

∫
M

udV = 1
}
.
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In the same way as in (1.22), Perelman [Per02, Sect. 3.1] also showed that the system
∂

∂t g =−2(Ricg+Hessg f ),
∂

∂t f =−∆g f −Rg +
n

2τ
,

d
dt τ =−1,

(1.24)

has a solution in M× [a,b]. Moreover,

d
dt
W

(
∂

∂t
g,

∂

∂t
f ,

d
dt

τ

)
= 2

∫
M

τ|Ricg+Hessg f − 1
2τ

g|2udVg,

where u = (4πτ)−
n
2 e− f .

We highlight that F is nondecreasing in time under Perelman’s modified Ricci flow (1.22)
while W is nondecreasing in time under system (1.24).

An important consequence of this entropy formula is a lower volume ratio bound for solutions
of the Ricci flow on a finite time interval [0,T ), asserting the existence of a constant κ > 0, only
depending on n, T and g(0), such that the inequality

Volt(Bt
r(x0))

rn+1 ⩾ κ

holds for all t ∈ [0,T ) and r ∈ [0,
√

T ) for balls Bt
r(x0) (with respect to g(t)) in which the

inequality r2|Rm |⩽ 1 for the Riemann tensor of g(t) is satisfied.
In [CM19], Cortissoz and Murcia established the monotonicity of W and F-Perelman’s

functionals on surfaces M2 with boundary ∂M under evolution equations given by

∂

∂t g(t) =−2Ricg(t) in M2 × (0,T ),
kg(t)( · , t) = φ( ·) on ∂M× (0,T ),
∂

∂t f (t) =−∆g(t) f (t)+ |∇(t) f (t)|2 −Rg(t)+
n

2τ
in M2 × (0,T ),

e0 f (t) = 0 on ∂M× (0,T ),
d
dt τ =−1 in M2 × (0,T ),

where kg is the geodesic curvature of ∂M, both with respect to the time evolving metric g, and φ

is a smooth real valued function, which is constant in space, defined on ∂M× [0,∞) and which
satisfies the compatibility condition φ(·,0) = kg0 (disregard τ for the case of F).

In [Eck07], W-Perelman’s Entropy (1.23) had been studied by Ecker in the setting of bounded
domains in Euclidean space Rn equipped with its standard metric g0, whose boundary evolves
by mean curvature flow. More precisely, he adapted Perelman’s entropy formula to the situation
where a family of bounded domains {Ωt}t∈[0,T ) in Rn with smooth boundary hypersurfaces
family {∂Ωt}t∈[0,T ) is evolving with smooth normal speed

β∂Ωt =− ∂

∂t
x ·ν,
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where x denotes the embedding map from ∂Ωt to Rn, and ν stands for the outward unit normal
vector field along ∂Ωt . For bounded domains Ω ⊂ Rn, τ > 0, smooth functions f : Ω → R and
β : ∂Ω → R, Ecker considered the functional

Wβ (Ω, f ,τ) =
∫

Ω

[τ|∇ f |2 + f −n]udx+2τ

∫
∂Ω

βudA (1.25)

and the associated entropy

µβ (Ω,τ) = inf
{
Wβ (Ω, f ,τ),

∫
Ω

udx = 1 where u :=
e− f

(4πτ)
n
2

}
.

Suppose that {Ωt} evolves as above, τ(t)> 0, d
dt τ =−1, and f satisfies the evolution equation

∂

∂t
f =−∆g f + |∇ f |2 + n

2τ

in Ωt with Neumann boundary condition ∇ f ·ν = β on ∂Ωt . If {φt}t∈[0,T ) is an one-parameter
family of diffeomorphisms φt : Ω → Ωt generated by {−∇ f (x, t)}t∈[0,T ) with x = φt(q), q ∈ Ω,
then

d
dt
Wβ (Ωt , f (t),τ(t)) = 2τ

∫
Ωt

|Hess f − 1
2τ

g0|2udx

+2τ

∫
∂Ωt

(
∂

∂t
β −2⟨∇̂β , ∇̂ f ⟩+A(∇̂ f , ∇̂ f )− β

2τ

)
udA .

In the important case of mean curvature flow, that is, where β∂Ωt is the mean curvature H of the
hypersurfaces ∂Ωt , the expression

Z(∇̂ f ) :=
∂

∂t
H −2⟨∇̂H, ∇̂ f ⟩+A(∇̂ f , ∇̂ f )

is the central quantity in Hamilton’s Harnack inequality for convex solutions of the mean
curvature flow (see [Ham95]).

Ecker conjectured that Wβ -functional for Ω is nondecreasing in time under the mean curvature
flow of any compact hypersurface in Rn. More precisely

Conjecture 1.13. In the case of mean curvature flow in Rn for compact embedded hypersurfa-
ces ∂Ωt , it is expected that∫

Ωt

∣∣Hess f − 1
2τ

g0
∣∣2udx+

∫
∂Ωt

(
Z(∇̂ f )− H

2τ

)
udA ⩾ 0.

To the author’s knowledge, this conjecture is still open. Lott was inspired by Ecker’s work
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to define a weighted version of the following action (cf. [Lot12])

IGHY (g) =
∫

M
Rg dV+2

∫
∂M

H dA, (1.26)

If n = 2, then by Gauss-Bonnet theorem, IGHY (g) = 4πχ(M). This action appears previously in
the works by Gibbons and Hawking [GH77], York [Yor72], and later by Araújo [Ara03]. IGHY

is known as Gibbons-Hawking-York (GHY, for short) action. Now we shall briefly mention
some of their results. Gibbons and Hawking used this approach to evaluate the entropy of the
actions of the Kerr-Newman solutions and de Sitter space and found that it is always equal
to one quarter the area of the event horizon in fundamental units. Moreover, in the case of a
stationary system such as a star with no event horizon, the gravitational field has no entropy.

York gave results concerning the action principle, choice of canonical variables, and initial-
value equations strengthen this identification. One of the new canonical variables is shown to
play the role of "time" in the formalism.

Araújo characterized the critical points of IGHY restricted to spaces of Riemannian metrics
satisfying various volume and area constraints when the dimension of the manifold is bigger
than three. In addition, he computed the second variation of IGHY at critical points and provided
directions in which it is positive, negative or zero. These results generalize to manifolds with
boundary some well-known results that hold in the case of manifolds without boundary.

1.2.1 Evolution of the weighted total mean curvature functional

Lott defined a version of Perelman’s F-funcional for manifolds with boundary that can be
considered as a weighted version of the GHY-action on met(M)×C∞(M) as follows

I∞(g, f ) =
∫

M
R∞e− f dV+2

∫
∂M

H∞e− f dA, (1.27)

and called it weighted GHY-action I∞ (see [Lot12]).
Before studying the evolution of I∞, we are going to establish the evolution of the mean

curvature at g, and then of the weighted total mean curvature functional (see Lemma 1.14).
We know three ways to do this. In the first one, the unit normal on ∂M is written in terms of
the family of metrics on M to express the derivative of the second fundamental form on ∂M
(see [Ara03, p. 89]). In the second one, the unit normal on ∂M is used locally as a gradient of
some smooth function on M (see [GM19, Lem. 2]). The last, we will make it here in the same
way as in [Mia03, Lem. 1].

Let {g(t)} be a family of metrics on M such that g(0) = g and ∂

∂t

∣∣
t=0g(t) = v. For each t, we

denote ∇t as the covariant derivative with respect to g(t) with ∇ := ∇0. We define e(t) to be the
inward unit normal vector field on (∂M,g(t)). We also choose {xα}n−1

α=0 to be a local coordinate
chart for M such that {xi}n−1

i=1 gives a local chart for ∂M and ∂0 coincides with e0 := e(0). Then
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by definition

Ai j(g(t)) = g(t)
(

∇
t
∂i

∂ j,e(t)
)
,

where Ai j(g(t)) stands for the second fundamental form of (∂M,g(t)). Recall that α,β , . . . run
through {0,1, . . . ,n−1} and i, j, . . . run through {1,2, . . . ,n−1}. Now we are going to calculate
the evolution of the second fundamental form. First observe that

∂

∂t
g(t)

(
X(t),Y (t)

)∣∣∣
t=0

= v(X ,Y )+g
( ∂

∂t
X(t)

∣∣∣
t=0

,Y
)
+g

(
X ,

∂

∂t
Y (t)

∣∣∣
t=0

)
for all X(t),Y (t) vector field on M. So

∂

∂t
Ai j(g(t))

∣∣∣
t=0

= v(∇∂i∂ j,e0)+g
(

∂

∂t
(∇t

∂i
∂ j)

∣∣∣
t=0

,e0

)
+g

(
∇∂i∂ j,

∂

∂t
e(t)

∣∣∣
t=0

)
= Γ

α
i jvα0 +g

(
∂

∂t
(∇t

∂i
∂ j)

∣∣∣
t=0

,e0

)
+Γ

α
i jg

(
∂α ,

∂

∂t
e(t)

∣∣∣
t=0

)
= Γ

k
i jvk0 +Γ

0
i jv00 +g

(
∂

∂t
(∇t

∂i
∂ j)

∣∣∣
t=0

,e0

)
+Γ

k
i jg

(
∂k,

∂

∂t
e(t)

∣∣∣
t=0

)
+Γ

0
i jg

(
e0,

∂

∂t
e(t)

∣∣∣
t=0

)
.

The facts that g(t)(e(t),∂k) = 0 and g(t)(e(t),e(t)) = 1 imply v0k +g
(

∂k,
∂

∂t e(t)
∣∣∣
t=0

)
= 0,

v00 +2g
(

e0,
∂

∂t e(t)
∣∣∣
t=0

)
= 0.

Since

g
(

∂

∂t
(∇t

∂i
∂ j)

∣∣∣
t=0

,e0

)
=

1
2
(∇iv0

j +∇ jv0
i −∇0vi j)

we conclude that

∂

∂t
Ai j(g(t))

∣∣∣
t=0

=
1
2
(∇iv0

j +∇ jv0
i −∇0vi j)+

1
2

v00Ai j. (1.28)

This finishes the evolution of the second fundamental form. Now, we calculate

∂

∂t
H(g(t))

∣∣∣
t=0

=
∂

∂t
g(t)i j

∣∣∣
t=0

Ai j +gi j ∂

∂t
Ai j(g(t))

∣∣∣
t=0

=−vi jAi j +
1
2

gi j(∇iv0
j +∇ jv0

i −∇0vi j)+
1
2

v00H, (1.29)

and observe that (1.2) implies

∂

∂t
H(g(t))

∣∣∣
t=0

=−vi jAi j +
1
2

gi j(
∇̂iv0

j −Ai jv0
0 +gklAilv jk + ∇̂ jv0

i −A jiv0
0
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+gklA jlvik −∇0vi j
)
+

1
2

v00H

= ∇̂ivi0 − 1
2

(
gi j

∇0vi j + v00H
)
. (1.30)

This finishes the evolution of the mean curvature.
Now we calculate the evolution of the weighted total mean curvature functional.

Lemma 1.14. Let M be an n(⩾ 3)-dimensional compact smooth manifold with boundary ∂M.
Consider the weighted total mean curvature functional L : met(M)×C∞(M)→ R defined as

L (g, f ) = 2
∫

∂M
He− f dA .

Then, the following equality holds:

δL (v,h) =
∫

∂M

[
2∇̂ivi0 −gi j

∇0vi j − v00H +2H
(gi jvi j

2
−h

)]
e− f dA .

In particular, if vα
α

2 −h = 0 on M, then it reduces to

δL (v,h) =
∫

∂M

(
2∇̂ivi0 −gi j

∇0vi j − (v00 + v00)H
)
e− f dA .

Proof. The variation of L in direction (v,h) ∈ S2(M)×C∞(M), is defined to be

δL (v,h)(g, f ) =
d
dt

∣∣∣
t=0

L (g+ tv, f + th),

Thus, by equation (1.30), we have

δL (v,h) = 2
∫

∂M
δ{H}e− f dA+2

∫
∂M

Hδ{e− f dA}

= 2
∫

∂M

(
∇̂ivi0 − 1

2
(
gi j

∇0vi j + v00H
))

e− f dA+2
∫

∂M
H
(gi jvi j

2
−h

)
e− f dA

which is the first part of the lemma. Now, note that gi jvi j = trg(v|∂M) = vα
α − v00, and as

v00 = v(e0,e0) = v(gαβ gα0∂β ,g
γξ gγ0∂ξ ) = gαβ gγξ gα0gγ0vβξ = g0β g0ξ vβξ = v00

we obtain vα
α = gi jvi j + v00. In particular, if vα

α

2 −h = 0 on M, then

gi jvi j

2
−h =

vα
α

2
−h− 1

2
v00 =−1

2
v00.

Thus

δL (v,h) =
∫

∂M

(
2∇̂ivi0 −gi j

∇0vi j − v00H
)

e− f dA−
∫

∂M
Hv00e− f dA .
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This finishes the proof. □

1.2.2 Evolution of the weighted GHY-action

We start rewriting the weighted GHY-action as follows

I∞(g, f ) =
∫

M
(Rg + |∇ f |2)e− f dV+2

∫
∂M

He− f dA . (1.31)

It follows by using ∆ge− f = (|∇ f |2 −∆g f )e− f and divergence theorem in (1.27).
Lott computed the evolution of I∞ directly from (1.27). From Proposition 1.9 and Lemma 1.14,

we give proof of this evolution, as follows.

Proposition 1.15. Let M be an n(⩾ 3)-dimensional compact smooth manifold with boundary
∂M. Let I∞ be the weighted GHY-action on met(M)×C∞(M) defined as in (1.27). Then its
evolution is given by

δ I∞(v,h) =
∫

M

[
− vαβ (Rαβ +∇α∇β f )+

(vα
α

2
−h

)
(Rg −|∇ f |2 +2∆g f )

]
e− f dV

+
∫

∂M

[
2
(vα

α

2
−h

)
e0 f −Ai jvi j − v00e0 f +2H

(gi jvi j

2
−h

)]
e− f dA .

Proof. For the sake of convenience, we are following a different way to address the problem,
however, the main ideas are the same as in Lott. For it, we are working with (1.31) instead
of (1.27) so that

I∞(g, f ) = F(g, f )+L (g, f ).

Thus,

δ I∞(v,h) = δF(v,h)+δL (v,h).

The first term on the right-hand side is provided by Proposition 1.9, and the second by Lemma 1.14.
From which, one has

δ I∞(v,h) =
∫

M

[
− vαβ (Rαβ +∇α∇β f )+

(vα
α

2
−h

)
(Rg −|∇ f |2 +2∆g f )

]
e− f dV

+
∫

∂M

[
2
(vα

α

2
−h

)
e0 f −

(
∇̂ivi0 −Hv0

0 +Ai jvi j −∇0(gi jvi j)+ vα0
∇α f

)]
e− f dA

+
∫

∂M

[
2∇̂ivi0 −gi j

∇0vi j − v00H +2H
(gi jvi j

2
−h

)]
e− f dA

=
∫

M

[
− vαβ (Rαβ +∇α∇β f )+

(vα
α

2
−h

)
(Rg −|∇ f |2 +2∆g f )

]
e− f dV

+
∫

∂M

[
2
(vα

α

2
−h

)
e0 f −Ai jvi j + ∇̂ivi0 − vi0

∇̂i f − v00e0 f +2H
(gi jvi j

2
−h

)]
e− fdA .
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The proposition follows from ∇̂ivi0e− f = ∇̂i(vi0e− f )+e− f ∇̂i f vi0 and divergence theorem. □

Corollary 1.16 ([Lot12, Prop. 2]). Let M be an n(⩾ 3)-dimensional compact smooth manifold
with boundary ∂M. Let I∞ be the weighted GHY-action on met(M)×C∞(M) defined as in (1.27).
If vα

α

2 −h = 0 on M, then

δ I∞(v,h) =−
∫

M
vαβ (Rαβ +∇α∇β f )e− f dV−

∫
∂M

(
vi jAi j + v00(H + e0 f )

)
e− f dA .

By taking f constant in Proposition 1.15, we obtain.

Corollary 1.17 ([Ara03, Sect. 2]). Let M be an n(⩾ 3)-dimensional compact smooth manifold
with boundary ∂M. Let IGHY be the GHY-action on met(M) defined as in (1.26). Then

δ IGHY (v) =−
∫

M
vαβ

(
Rαβ −

Rg

2
gαβ

)
dV−

∫
∂M

vi j(Ai j −Hgi j)dA . (1.32)

We are in a position to analyze the critical metrics of IGHY . Recall that g ∈ met(M) is a
critical point (or critical metric) of IGHY if δ IGHY (v) = 0 for all v = ∂

∂t g(t).

Corollary 1.18 ([Lot12, Prop. 2]). Let IGHY be the GHY-action on met(M) defined in (1.26),
with n ⩾ 3. If it is fixed an induced metric g∂M on ∂M, then the critical points of IGHY are the
Ricci-flat metrics on M. On the other hand, if it is considered all variations, then the critical
points are the Ricci flat metrics on M with the totally geodesic boundary ∂M.

Proof. Assume that the induced metric g∂M is fixed. Then vi j = 0 on ∂M and by (1.32) we
have ∫

M

〈
v,Ric−

Rg

2
g
〉

dV =
∫

M
vαβ

(
Rαβ −

Rg

2
gαβ

)
dV = 0,

for all v ∈ S2(M). This implies Ricg−
Rg
2 g = 0 on M. Take the traces in this equation to obtain

Rg(1− n
2) = 0, so Rg = 0. Therefore, g is Ricci flat. This proves the first statement. In the

general case, we have ∫
M

〈
v,Ric−

Rg

2
g
〉

dV+
∫

∂M

〈
v,A−Hg

〉
dA = 0,

for all v ∈ S2(M) from which we obtain that the critical points are Ricci flat metrics on M with
totally geodesic boundary ∂M. □

Araújo classified the critical points of IGHY constraint to set meta,b(M) = {g ∈ met(M) :
aVolg(M)+bAreag(∂M) = 1} where Areag(∂M) is the area of (∂M,g), Volg(M) is the volume
of (M,g) and a,b are real numbers with either a > 0 or a = 0, b = 1. He showed that when
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a = 1 and b = 0, the critical points of the functional IGHY correspond to Einstein metrics with
totally geodesic boundary. When a = 0 and b = 1, the critical points correspond to Ricci flat
metrics with umbilic boundary of constant mean curvature (cf. [Ara03, Cors. 2.2 and 2.3]).

Remark 1.19 ([Lot12, Sect. 3.2]). The variations in Corollary 1.16 all fix the measure e− f dV.
If we also fix an induced metric g∂M on ∂M then the critical points of I∞ are gradient steady
Ricci solitons on M that satisfy H + e0 f = 0 on ∂M. On the other hand, if we allow variations
that do not fix the boundary metric then the critical points are gradient steady Ricci solitons on
M with totally geodesic boundary and for which f satisfies Neumann boundary conditions.

From this remark, one can obtain an idea of how Lott motivated his boundary conditions to
the backward heat equation (1.22). In Chapter 2, we will follow the Lott’s program.

1.2.3 Evolution of the W∞-type entropy functional

In [Lot12, Example 2], Lott pointed out that after making the change from F-type functional
(1.27) to W-type functional (1.25), it is possible studying its evolution. Here, we address this
issue in more detail. For it, we define W∞-type entropy as follows

W∞(g, f ,τ) =
∫

M

(
τR∞ + f −n

)
udV+2

∫
∂M

τH∞udA . (1.33)

where u := (4πτ)−
n
2 e− f . Using Proposition 1.15, we have the following evolution of W∞.

Proposition 1.20. Let M be an n(⩾ 3)-dimensional compact smooth manifold with boundary
∂M, and consider the W∞-type entropy on met(M)×C∞(M)×R+ defined in (1.33). Its
evolution is given by

δW∞(v,h,ξ ) =
∫

M

[
(ξ gαβ − τvαβ )(Rαβ +∇α∇β f − 1

2τ
gαβ )+ τ

(vα
α

2
−h− nξ

2τ

)(
Rg −|∇ f |2

+2∆g f +
f −n−1

τ

)]
udV+

∫
∂M

[
ξ
(
2H + e0 f

)
− τ

(
Ai jvi j + v00e0 f

)
+2τ

(vα
α

2
−h− nξ

2τ

)
e0 f +2τH

(gi jvi j

2
−h− nξ

2τ

)]
udA .

Proof. Observe that the functional in (1.33) can be decomposed as

W∞(g, f ,τ) =
τ

(4πτ)
n
2

I∞(g, f )+
1

(4πτ)
n
2

∫
M
( f −n)e− f dV .

Moreover, we can calculate the variation δW∞ at (g, f ,τ) in the direction of (v,h,ξ ) as follows

δW∞(v,h,ξ ) = δW∞(0,0,ξ )+δW∞(v,h,0).
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So,

δW∞(v,h,ξ ) = δ

(
τ

(4πτ)
n
2

)
(0,0,ξ )I∞ +δ

( 1
(4πτ)

n
2

)
(0,0,ξ )

∫
M
( f −n)e− f dV

+
τ

(4πτ)
n
2

δ I∞(v,h)+
1

(4πτ)
n
2

δ

(∫
M
( f −n)e− f dV

)
(v,h).

Now, we compute some terms of this equation. The first one of them is

δ

(
τ

(4πτ)
n
2

)
(0,0,ξ )I∞ =

(
1− n

2
) ξ

(4πτ)
n
2

I∞

=
∫

M

(
1− n

2
)
ξ (Rg + |∇ f |2)udV+2

∫
∂M

(
1− n

2
)
ξ HudA .

The second one is (see Proposition 1.15)

τ

(4πτ)
n
2

δ I∞(v,h) =
∫

M

[
− τvαβ (Rαβ +∇α∇β f )+ τ

(vα
α

2
−h

)
(Rg −|∇ f |2 +2∆g f )

]
udV

+
∫

∂M
τ

[
2
(vα

α

2
−h

)
e0 f −Ai jvi j − v00e0 f +2H

(gi jvi j

2
−h

)]
udA .

The third one is

δ

( 1
(4πτ)

n
2

)
(0,0,ξ )

∫
M
( f −n)e− f dV =−nξ

2τ

∫
M
( f −n)udV .

The fourth one is

1
(4πτ)

n
2

δ

(∫
M
( f −n)e− f dV

)
(v,h) =

∫
M

(
h+( f −n)

(vα
α

2
−h

))
udV .

By a combination of all these terms, we get

δW∞(v,h,ξ )

=
∫

M

[
− τvαβ (Rαβ +∇α∇β f )+ τ

(vα
α

2
−h

)
(Rg −|∇ f |2 +2∆g f )

− nξ

2τ
( f −n)+ξ (Rg + |∇ f |2)− n

2
ξ (Rg + |∇ f |2)+h+( f −n)

(vα
α

2
−h

)]
udV

+
∫

∂M

[
2ξ H +2τ

(vα
α

2
−h

)
e0 f − τAi jvi j − τv00e0 f +2τH

(gi jvi j

2
−h− n

2τ
ξ

)]
udA .

Now absorb ( f −n)
(vα

α

2 −h
)

into the third bracket of the terms on the first line to get

δW∞(v,h,ξ )

=
∫

M

[
(−τvαβ )(Rαβ +∇α∇β f )+ τ

(vα
α

2
−h

)(
Rg −|∇ f |2 +2∆g f +

f −n
τ

)
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− nξ

2τ
( f −n)+ξ (Rg + |∇ f |2)− n

2
ξ (Rg + |∇ f |2)+h

]
udV

+
∫

∂M

[
2ξ H +2τ

(vα
α

2
−h

)
e0 f − τAi jvi j − τv00e0 f +2τH

(gi jvi j

2
−h− n

2τ
ξ

)]
udA .

Now, use ξ gαβ into the first bracket of the terms on the first line to get

δW∞(v,h,ξ )

=
∫

M

[
(−τvαβ +ξ gαβ )(Rαβ +∇α∇β f )+ τ

(vα
α

2
−h

)(
Rg −|∇ f |2 +2∆g f +

f −n
τ

)
− nξ

2τ
( f −n)+ξ (−∆g f + |∇ f |2)− n

2
ξ (Rg + |∇ f |2)+h

]
udV

+
∫

∂M

[
2ξ H +2τ

(vα
α

2
−h

)
e0 f − τAi jvi j − τv00e0 f +2τH

(gi jvi j

2
−h− n

2τ
ξ

)]
udA .

Regrouping the terms on the first and second lines, we obtain

δW∞(v,h,ξ )

=
∫

M

[
(−τvαβ +ξ gαβ )(Rαβ +∇α∇β f )+ τ

(vα
α

2
−h− nξ

2τ

)(
Rg −|∇ f |2 +2∆g f +

f −n
τ

)
+ξ (−∆g f + |∇ f |2)−nξ |∇ f |2 +nξ ∆g f +h

]
udV

+
∫

∂M

[
2ξ H +2τ

(vα
α

2
−h

)
e0 f − τAi jvi j − τv00e0 f +2τH

(gi jvi j

2
−h− n

2τ
ξ

)]
udA .

Using − 1
2τ

gαβ into the second bracket of the terms on the first line together with the fact that

1
2τ

gαβ (−τvαβ +ξ gαβ ) =−1
2

vα
α +

n
2τ

ξ

and simplifying, one has

δW∞(v,h,ξ )

=
∫

M

[
(−τvαβ +ξ gαβ )(Rαβ +∇α∇β f − 1

2τ
gαβ )+ τ

(vα
α

2
−h− nξ

2τ

)(
Rg −|∇ f |2 +2∆g f

+
f −n−1

τ

)
+(n−1)ξ (∆g f −|∇ f |2)

]
udV

+
∫

∂M

[
2ξ H +2τ

(vα
α

2
−h

)
e0 f − τAi jvi j − τv00e0 f +2τH

(gi jvi j

2
−h− n

2τ
ξ

)]
udA .

Since
∫

M(|∇ f |2 −∆g f )e− f dV =
∫

M ∆ge− f dV =
∫

∂M e0 f e− f dA we get

δW∞(v,h,ξ )

=
∫

M

[
(−τvαβ +ξ gαβ )(Rαβ +∇α∇β f − 1

2τ
gαβ )+ τ

(vα
α

2
−h− nξ

2τ

)(
Rg −|∇ f |2 +2∆g f
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+
f −n−1

τ

)]
udV+

∫
∂M

[
2ξ H − (n−1)ξ e0 f +2τ

(vα
α

2
−h

)
e0 f − τAi jvi j − τv00e0 f

+2τH
(gi jvi j

2
−h− n

2τ
ξ

)]
udA .

Simplifying the terms on the boundary integrand we get the result of the proposition. □

We observe that vα
α

2 −h− nξ

2τ
vanishes identically on M if and only if the measure dm = udV

remains fixed on M, since δ (udV) = (vα
α

2 −h− nξ

2τ
)udV. In particular, as vα

α = gi jvi j + v00 we
get

gi jvi j

2
−h− nξ

2τ
=

vα
α

2
−h− nξ

2τ
− 1

2
v00 =−1

2
v00. (1.34)

Corollary 1.21. Let M be an n(⩾ 3)-dimensional compact smooth manifold with boundary ∂M,

and consider the W∞-type entropy on met(M)×C∞(M)×R+ defined in (1.33). If vα
α

2 − h−
nξ

2τ
= 0 on M, then

δW∞(v,h,ξ ) =
∫

M
(ξ gαβ −τvαβ )(Rαβ +∇α∇β f − 1

2τ
gαβ )udV+τ

∫
∂M

(
ξ

τ
(2H + e0 f )−vi jAi j

− v00(H + e0 f )
)

udA .

Corollary 1.22 ([Per02, Sect. 3]). Let M be an n(⩾ 3)-dimensional compact smooth manifold
without boundary, and consider the W∞-type entropy on met(M)×C∞(M)×R+ defined as
in (1.33). If vα

α

2 −h− nξ

2τ
= 0 on M, then

δW∞(v,h,ξ ) =
∫

M
(ξ gαβ − τvαβ )(Rαβ +∇α∇β f − 1

2τ
gαβ )udV .
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Chapter 2

Mean curvature flow in an extended Ricci
flow background

Let M be an n(⩾ 3)-dimensional smooth manifold and let (g(t),w(t)) be a solution to the
extended Ricci flow {

∂

∂t g(t) =−2Ricg(t)+2αn dw(t)⊗dw(t),
∂

∂t w(t) = ∆g(t)w(t),
(2.1)

in M× [0,T ), for some initial value (g,w). Here αn = (n−1)/(n−2) and dw(t)⊗dw(t) denotes
the tensor product of the 1-form dw(t) by itself, which is metrically dual to gradient vector field
∇w(t) computed on g(t) of a scalar smooth function w(t) on M. For an account of extended
Ricci flows, including proof of short-time existence of solutions to (2.1) on complete manifolds,
we refer to List [Lis08, Thm. 4.1]. In this paper, List also showed that Hamilton’s Ricci flow
and the static Einstein vacuum equations are closely connected by extended Ricci flow, which
justifies the value of the constant αn. So, he provided an interesting and useful link from
problems in low-dimensional topology and geometry to physical questions in general relativity
(see [Lis08, p. 1010-1013] for details).

Associated to (2.1), List defined the F-type functional on P(M) := met(M)×C∞(M)×
C∞(M) by

Iαn
∞ (g, f ,w) =

∫
M
(R∞ −αn|∇w|2)e− f dV . (2.2)

As mentioned before, Lott approached mean curvature flow in a Ricci flow background by
introducing an analogue of Perelman’s F-functional for a manifold M with boundary ∂M, and
then he obtained a weighted version I∞ of the Gibbons-Hawking-York action.

In this chapter, we work in the setting of List by means of Lott’s approach. The first step is
to introduce the proper extension of (2.2) for manifolds with boundary.

Suppose M is an n(⩾ 3)-dimensional compact smooth manifold with boundary ∂M. We
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define the weighted extended GHY-action on P(M) given by

Iαn
∞ (g, f ,w) =

∫
M
(R∞ −αn|∇w|2)e− f dV+2

∫
∂M

H∞e− f dA . (2.3)

Our background is closely related to special solutions to (2.1), which we will study in detail
now.

2.1 Gradient solitons to the extended Ricci flow

Special solutions to the extended Ricci flow come from gradient solitons. We describe such
solutions on a background geometry, we follow as in Ph.D. thesis by List [Lis06, Sect. 2.2] in
the line of Lott and Kleiner [KL08, Appx. C].

A gradient soliton to the extended Ricci flow is a self-similar solution (g(t),w(t)) of (2.1)
given by {

g(t) = σ(t)ψ∗
t g,

w(t) = ψ
∗
t w,

(2.4a)

(2.4b)

for some initial value (g,w), where ψt is a smooth one-parameter family of diffeomorphisms of
M generated from the flow of ∇g f/σ(t) computed on g, for some f ∈C∞(M), and σ is a smooth
positive function on t. Gradient solitons to the extended Ricci flow are obtained as follows.

Proposition 2.1. Let M be an n(⩾ 3)-dimensional smooth manifold. Suppose there exists a
triple (g, f ,w) satisfying

{
Ricg+Hessg f −αn dw⊗dw = λg,

∆gw = ⟨∇g f ,∇gw⟩g

(2.5a)

(2.5b)

for some λ ∈R and αn = (n−1)/(n−2). Take ψt the one-parameter family of diffeomorphisms
generated by Yt =

∇g f
σ(t) , with ψ0 = Id and σ(t) = 1− 2λ t > 0, where t ∈ (−∞, 1

2λ
), for λ > 0;

t ∈R, for λ = 0; and t ∈ ( 1
2λ
,+∞), for λ < 0. Then, (g(t),w(t))= (σ(t)ψ∗

t g,ψ∗
t w) is a gradient

soliton to the extended Ricci flow on M.

Proof. Setting g(t) = σ(t)ψ∗
t g and w(t) = ψ∗

t w, one has

∂

∂t
g(t) = σ

′(t)ψ∗
t g+σ(t)ψ∗

t (LYt g) = ψ
∗
t (−2λg+2Hessg f ) =−2ψ

∗
t (λg−Hessg f )

=−2ψ
∗
t (Ricg−αn dw⊗dw) =−2Ricg(t)+2αn dw(t)⊗dw(t)

and

∂

∂t
w(t) = ψ

∗
t (LYt w) =

1
σ(t)

ψ
∗
t L∇g f w =

1
σ(t)

ψ
∗
t ⟨∇g f ,∇gw⟩g =

1
σ(t)

ψ
∗
t ∆gw = ∆g(t)w(t).
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This completes the proof. □

We observe that a gradient soliton to the extended Ricci flow on M can be characterized by
means Proposition 2.1. Indeed, if (g(t),w(t)) is given by (2.4a) (as well (2.4b)) and satisfies (2.1),
then by a straightforward computation it satisfies (2.5a) (as well (2.5b)). Thus, we can assume
that a gradient soliton on M is a triple (g, f ,w) as in Proposition 2.1. It is steady if λ = 0,
shrinking if λ > 0 and expanding if λ < 0. The function f is called the potential function.

Now, by setting f (t) = ψ∗
t f , using (2.5a), (2.5b) and conformal theory, we obtain{

Ricg+Hessg f −αn dw⊗dw = λ

σ(t)g,

∆gw = ⟨∇g f ,∇gw⟩g.

Moreover, by scaling g one can normalize λ = 1/2 in the shrinking case and, λ =−1/2 in the
expanding case. For λ = 1/2, σ(t) = 1− t > 0 implies t < 1. Setting s = t −1, we have s+1 =

t < 1, i.e., s < 0, and then, g(s) = σ(s)ψ∗
s g, with σ(s) = −s and ψ−1 = Id . For λ = −1/2,

σ(t) = 1+ t > 0 implies t >−1. Setting s = t+1, we have s−1 = t >−1, i.e., s > 0, and then,
g(s) = σ(s)ψ∗

s g, with σ(s) = s and ψ1 = Id . So, we immediately obtain the next proposition.

Proposition 2.2. Consider an n(⩾ 3)-dimensional smooth manifold M, and let (g(t),w(t)) be
a gradient soliton to the extended Ricci flow in M. The following identities hold for all time t:Ricg+Hessg f −αn dw⊗dw =

c
2t

g,

∆gw = ⟨∇g f ,∇gw⟩g

(2.6a)

(2.6b)

where c = 0 in the steady case (for t ∈ R and ψ0 = Id), c = −1 in the shrinking case (for
t ∈ (−∞,0) and ψ−1 = Id) and c = −1 in the expanding case (for t ∈ (0,+∞) and ψ1 = Id),
besides

∂

∂t
f = ∥∇g f∥2

g. (2.7)

The function f is still called the potential function.

2.2 Evolution of weighted extended GHY-action

In this subsection, we obtain a variational formula for the weighted extended GHY-action Iαn
∞

on P(M), where M is an n(⩾ 3)-dimensional smooth manifold with boundary ∂M. In the next
subsection, we apply this formula to derive the evolution equations of Iαn

∞ under the Perelman’s
modified extended Ricci flow in M× [0,T ).

Recall the following notations δg = v and δ f = h, and denote δw = ϑ , where δ := ∂

∂t

∣∣
t=0.
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The variation of Iαn
∞ in direction (v,h,ϑ) ∈ S2(M)×C∞(M)×C∞(M), is defined to be

δ Iαn
∞ (v,h,ϑ)(g, f ,w) =

d
dt

∣∣∣
t=0

Iαn
∞ (g+ tv, f + th,w+ tϑ).

Moreover, recall that vα
α

2 −h vanishes identically on M if and only if the measure dm = e− f dV
remains fixed on M, since δ (e− f dV) = (vα

α

2 −h)e− f dV.

Proposition 2.3. Let Iαn
∞ be the weighted extended GHY-action on P(M) defined in (2.3). Then,

the following equality holds:

δ Iαn
∞ (v,h,ϑ) =

∫
M

[
vαβ (−Rαβ −∇α∇β f +αn∇αw∇β w)+

(vα
α

2
−h

)
(Rg −|∇ f |2 +2∆g f

−αn|∇w|2)+2αnϑ(∆gw−⟨∇w,∇ f ⟩)
]
e− f dV+

∫
∂M

[
2
(vα

α

2
−h

)
e0 f − vi jAi j

− v00e0 f +2αnϑe0w+2H
(gi jvi j

2
−h

)]
e− f dA .

In addition, if vα
α

2 −h = 0 on M, then

δ Iαn
∞ (v,h,ϑ) =

∫
M

vαβ (−Rαβ −∇α∇β f +αn∇αw∇β w)+2αnϑ
(
∆gw−⟨∇w,∇ f ⟩

)
e− f dV

+
∫

∂M

(
2αnϑe0w− vi jAi j − v00(H + e0 f )

)
e− f dA .

Proof. Notice that

Iαn
∞ (g, f ,w) =

∫
M

(
R∞ −αn|∇w|2g

)
e− f dV+2

∫
∂M

H∞e− f dA = I∞(g, f )−αnI1(g, f ,w),

where I1(g, f ,w) :=
∫

M |∇w|2ge− f dV. Hence, it is enough to compute δ I1(v,h,ϑ) since we know
δ I∞(v,h) from Proposition 1.15. First, we have

δ I1 =
∫

M

[
δ
(
|∇w|2

)
+ |∇w|2

(vα
α

2
−h

)]
e− f dV .

A straightforward computation gives us

δ
(
|∇w|2

)
=−gαγvγζ gβζ

∇αw∇β w+2gαβ
∇αϑ∇β w.

So,

δ I1 =
∫

M

[
− vαβ

∇αw∇β we− f +2gαβ
∇αϑ∇β we− f + |∇w|2

(vα
α

2
−h

)
e− f

]
dV .
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Integration by parts implies

δ I1 =
∫

M

[
− vαβ

∇αw∇β we− f +2gαβ
∇α

(
ϑ∇β we− f )−2gαβ

ϑ∇α∇β we− f

−2gαβ
ϑ∇γwΓ

γ

αβ
e− f +2gαβ

ϑ∇β w∇α f e− f + |∇w|2
(vα

α

2
−h

)
e− f

]
dV .

Since

div(ϑe− f
∇w) = gαβ

∇α

(
ϑ∇β we− f )−gαβ

ϑ∇γwΓ
γ

αβ
e− f ,

by Stokes’ theorem, we get

δ I1 =
∫

M

[
− vαβ

∇αw∇β w−2ϑgαβ
∇α∇β we− f +2ϑgαβ

∇β w∇α f + |∇w|2
(vα

α

2
−h

)]
e− f dV

−2
∫

∂M
ϑe0w e− f dA .

The proposition is then a consequence of the previous equation and Proposition 1.15. □

Remark 2.4. If M has no boundary, then Proposition 2.3 appears in [Lis08, Sect. 3] as follows

δ Iαn
∞ (v,h,ϑ) =

∫
M

[
vαβ (−Rαβ −∇α∇β f +αn∇αw∇β w)+

(vα
α

2
−h

)
(Rg −|∇ f |2

+2∆g f −αn|∇w|2)+2αnϑ(∆gw−⟨∇w,∇ f ⟩)
]
e− f dV .

In addition, if vα
α

2 −h = 0 on M, then

δ Iαn
∞ (v,h,ϑ) =

∫
M

[
vαβ (−Rαβ −∇α∇β f +αn∇αw∇β w)+2αnϑ(∆gw−⟨∇w,∇ f ⟩)

]
e− f dV .

In the same line of Remark 1.12, List showed that
∂

∂t g(t) =−2(Ricg(t)+Hessg(t) f (t)−αn dw(t)⊗dw(t)),
∂

∂t w(t) = ∆g(t)w(t)−⟨∇w(t),∇ f (t)⟩g(t),
∂

∂t f (t) =−∆g(t) f (t)−Rg(t)+αn|∇w(t)|2g(t),
(2.8)

has a solution in M × [a,b] (see List [Lis06, Sect. 2.1] for details), so that one can also think
that Iαn

∞ has a gradient-like structure on

C1 :=
{
(v,ϑ) ∈ S2(M)×C∞(M) : v = δg , ϑ = δw and δ (e− f dV) = 0

}
.

We call system (2.8) a Perelman’s modified extended Ricci flow in M× [a,b].

The next corollary provides boundary conditions to couple in (2.8).
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Corollary 2.5. Let Iαn
∞ be the weighted extended GHY-action on P(M) defined in (2.3). If the

induced metric on ∂M is fixed, then the critical points of Iαn
∞ constraint to C1 are gradient steady

solitons on M that satisfy H + e0 f = 0 and e0w = 0 on ∂M.

Proof. First, note that〈
v,e♭0 ⊗ e♭0

〉
= vαβ (e♭0 ⊗ e♭0)αβ = vαβ ⟨e0,∂α⟩⟨e0,∂β ⟩= v00.

By hypotheses we have vα
α

2 −h= 0 on M and vi j = 0 on ∂M which allows us to use Proposition 2.3
to obtain ∫

M

(〈
v,−Ricg−Hessg f +αn dw⊗dw

〉
+2αnϑ

(
∆gw−⟨∇w,∇ f ⟩

))
e− f dV

+
∫

∂M

(
2αnϑe0w−

〈
v,(H + e0 f )e♭0 ⊗ e♭0

〉)
e− f dA = 0, (2.9)

for all (v,ϑ) ∈ C1. We first start assuming (v,ϑ) ∈ C1c. Then∫
M

(〈
v,αn dw⊗dw−Ricg−Hessg f

〉
+2αnϑ

(
∆gw−⟨∇w,∇ f ⟩

))
e− f dV = 0.

Therefore (g,w, f ) must be a gradient steady soliton. So, again by (2.9) we get∫
∂M

(
2αnϑe0w−

〈
v,(H + e0 f )e♭0 ⊗ e♭0

〉)
e− f dA = 0,

for all (v,ϑ) ∈ C1. Hence H + e0 f = 0 and e0w = 0 on ∂M. □

Corollary 2.6. Let Iαn
∞ be the weighted extended GHY-action on P(M) defined in (2.3). The

critical points of Iαn
∞ constraint to C1 are gradient steady solitons on M with totally geodesic

boundary satisfying the conditions e0 f = 0 and e0w = 0 on ∂M.

Proof. The argument is very similar to the proof of Corollary 2.5. Suppose that it has already
been proven that (g,w, f ) is a gradient steady soliton, then∫

∂M

(
2αnϑe0w−

〈
v,A+(H + e0 f )e♭0 ⊗ e♭0

〉)
e− f dA = 0, (2.10)

for all (v,ϑ) ∈ C1 from which we obtain that the critical points are gradient steady solitons on
M with totally geodesic boundary satisfying the conditions e0 f = 0 and e0w = 0 on ∂M. □

Remark 2.7. If w is constant, then we recover Remark 1.19.
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2.2.1 Time-derivative of the weighted extended GHY-action under Perelman’s
modified extended Ricci flow

We begin with a general result from Gauss and Weingarten formulas. For it, assume that
holds H + e0 f = 0 on ∂M, then one has

∇i∇ j f = ∇̂i∇̂ j f +HAi j (2.11)

and

∇i∇0 f =−∇̂iH +Ak
i∇̂k f . (2.12)

Indeed, Gauss formula (see [DT19, p. 3]) implies

∇i∇ j f = ∂i∂ j f −
(
∇∂i∂ j

)
f = ∂i∂ j f −

(
∇̂∂i∂ j +Ai je0

)
f = ∇̂i∇̂ j f +HAi j.

Since g(∇ie0,∇ f ) = g(∇ie0, ∇̂ f + e0 f e0) =−∇k fAik, we get

∇i∇0 f = ∂i∂0 f −
(
∇∂ie0

)
f =−∇̂iH +Ak

i∇̂k f .

This finishes our claim.
Next, we compute the time-derivative of Iαn

∞ under Perelman’s modified extended Ricci flow.

Proposition 2.8. Let M be an n(⩾ 3)-dimensional compact smooth manifold with boundary
∂M, and let Iαn

∞ be the weighted extended GHY-action on P(M) defined in (2.3). If (g(t),w(t))∈
met(M)×C∞(M), t ∈ [0,T ) evolves by

∂

∂t
g =−2(Ric+Hess f −αn dw⊗dw),

∂

∂t
w = ∆gw−⟨∇ f ,∇w⟩,

(2.13a)

(2.13b)

and

∂

∂t
f =−∆g f −Rg +αn|∇w|2 (2.14)

in M× [0,T ) satisfying H + e0 f = 0 and e0w = 0 on ∂M. Then the following equality holds:

d
dt

Iαn
∞ = 2

∫
M

(
|Ric+Hess f −αn dw⊗dw|2 +αn

(
∆gw−⟨∇w,∇ f ⟩

)2
)

e− f dV

+2
∫

∂M

(
∆̂H −2⟨∇̂ f , ∇̂H⟩+A(∇̂ f , ∇̂ f )+Ai jAi jH +Ai jRi j +2R0i

∇̂i f − ∇̂iR0i

−αnA(∇̂w, ∇̂w)
)

e− f dA .
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In particular, if both Ri j +∇i∇ j f −αn∇iw∇ jw and Ri0 +∇i∇0 f vanish on ∂M, then

∆̂H −2⟨∇̂ f , ∇̂H⟩+A(∇̂ f , ∇̂ f )−αnA(∇̂w, ∇̂w)+Ai jAi jH +Ai jRi j +2R0i
∇̂i f − ∇̂iR0i = 0.

Proof. By (2.13a) and (2.13b) we have vαβ = 2(αn∇αw∇β w−Rαβ −∇α∇β f ) and ϑ = ∆gw−
⟨∇w,∇ f ⟩, respectively. Tracing the previous equation and using (2.14), we obtain vα

α

2 −h = 0
on M, which allows us to use Proposition 2.3 to get

d
dt

Iαn
∞ =2

∫
M

(
|Ric+Hess f −αn dw⊗dw|2 +αn

(
∆gw−⟨∇w,∇ f ⟩

)2
)

e− f dV

+2
∫

∂M

(
Ai j(Ri j +∇i∇ j f −αn∇iw∇ jw)

)
e− f dA .

We claim that if e0w = 0 on ∂M, then

Ai j(Ri j +∇i∇ j f −αn∇iw∇ jw)e− f − ∇̂i

(
(Ri0 +∇

i
∇

0 f )e− f
)

(2.15)

=
(
∆̂H −2⟨∇̂ f , ∇̂H⟩+A(∇̂ f , ∇̂ f )+Ai jAi jH +Ai jRi j +2R0i

∇̂i f −∇̂iR0i −αnA(∇̂w, ∇̂w)
)

e− f .

Indeed, as Ai j(∇̂i∇̂ j f )e− f = ∇̂i

(
Ai j(∇̂ j f )e− f

)
− e− f

(
∇̂iAi j

)
∇̂ j f +A(∇̂ f , ∇̂ f )e− f , we have

Ai j
(

Ri j +∇i∇ j f −αn∇iw∇ jw
)

e− f

=
(
Ai jRi j +Ai j

∇̂i∇̂ j f +HAi jAi j −αnA(∇̂w, ∇̂w)
)

e− f

=
(
Ai jRi j −

(
∇̂iAi j

)
∇̂ j f +HAi jAi j +A(∇̂ f , ∇̂ f )−αnA(∇̂w, ∇̂w)

)
e− f

+ ∇̂i

(
Ai j(∇̂ j f )e− f

)
.

Adding 0 =
(

∆̂H −⟨∇̂ f , ∇̂H⟩
)

e− f − ∇̂i(e− f ∇̂iH) together with (1.12) leads

Ai j
(

Ri j +∇i∇ j f −αn∇iw∇ jw
)

e− f

=
(

∆̂H −⟨∇̂ f , ∇̂H⟩+Ai jRi j −
(

∇̂iAi j
)

∇̂ j f +HAi jAi j +A(∇̂ f , ∇̂ f )−αnA(∇̂w, ∇̂w)
)

e− f

+ ∇̂i

((
Ai j

∇̂ j f − ∇̂
iH

)
e− f

)
=
(

∆̂H −⟨∇̂ f , ∇̂H⟩+Ai jRi j +R0
j
∇̂ j f −∇̂

jH∇̂ j f +HAi jAi j +A(∇̂ f , ∇̂ f )−αnA(∇̂w, ∇̂w)
)

e− f

+ ∇̂i

((
Ai j

∇̂ j f − ∇̂
iH

)
e− f

)
=
(

∆̂H −2⟨∇̂ f , ∇̂H⟩+Ai jRi j +R0
j
∇̂ j f +HAi jAi j +A(∇̂ f , ∇̂ f )−αnA(∇̂w, ∇̂w)

)
e− f

+ ∇̂i

((
Ai j

∇̂ j f − ∇̂
iH

)
e− f

)
. (2.16)
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By equation (2.12), we get

∇̂i

((
Ai j

∇̂ j f − ∇̂
iH

)
e− f

)
= ∇̂i

(
∇

0
∇

i f e− f
)
= ∇̂i

((
R0i +∇

0
∇

i f
)

e− f
)
− ∇̂i

(
R0ie− f

)
= ∇̂i

((
R0i +∇

0
∇

i f
)

e− f
)
+
(
− ∇̂iR0i +R0i

∇̂i f
)

e− f .

We substitute this into (2.16) to establish our claim. Hence, the first part of the proposition
follows from divergence theorem. In particular, if both

(
Ri j +∇i∇ j f −αn∇iw∇ jw

)
|∂M and(

Ri0 +∇i∇0 f
)
|∂M vanish, then from Eq. (2.15) the boundary integrand vanishes. □

Corollary 2.9 ([Lot12, Thm. 2]). Let M be an n(⩾ 3)-dimensional compact smooth manifold
with boundary ∂M, and let I∞ be the weighted GHY-action on met(M)×C∞(M) defined in (1.27).
If (g(t)) ∈ met(M), t ∈ [0,T ) evolves by Perelman’s modified Ricci flow in M × [0,T ) (1.22)
satisfying H + e0 f = 0 on ∂M. Then the following equality holds:

d
dt

I∞ = 2
∫

M
|Ricg+Hessg f |2e− f dV+2

∫
∂M
(∆̂h−2⟨∇̂ f , ∇̂H⟩+A(∇̂ f , ∇̂ f )+Ai jAi jH +Ai jRi j

+2R0i
∇̂i f − ∇̂iR0i)e− f dA .

2.2.2 Evolution equations for the boundary geometry under a Perelman’s
modified extended Ricci flow

In our next result, we establish the evolution equations of the geometric quantities of ∂M
under Perelman’s modified extended Ricci flow.

Proposition 2.10. Let M be an n(⩾ 3)-dimensional compact smooth manifold with boundary
∂M, and let Iαn

∞ be the weighted extended GHY-action on P(M) defined in (2.3). If (g(t),w(t))∈
met(M)×C∞(M), t ∈ [0,T ) evolves by

∂

∂t
g =−2(Ric+Hess f −αn dw⊗dw),

∂

∂t
w = ∆gw−⟨∇ f ,∇w⟩,

(2.17a)

(2.17b)

and

∂

∂t
f =−∆g f −Rg +αn|∇w|2 (2.18)

in M× [0,T ) satisfying H + e0 f = 0 and e0w = 0 on ∂M. Then, the following hold:

∂

∂t
gi j =−(L

∇̂ f g)i j −2(Ri j −αn∇̂iw∇̂ jw)−2HAi j, (2.19)

∂

∂t
w = ∆̂w+∇0∇0w−L

∇̂ f w, (2.20)
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∂

∂t
Ai j = (∆̂A)i j − (L

∇̂ fA)i j −Ak
iRl

kl j −Ak
jRl

kli +2AklRkil j −2HAikAk
j

+AklAklAi j +∇0R0i0 j (2.21)

and

∂

∂t
H = ∆̂H −⟨∇̂ f , ∇̂H⟩+2Ai jRi j +Ai jAi jH +∇0R00 −2αnA(∇̂w, ∇̂w). (2.22)

Proof. The proof is analogous to the one given for Theorem 3 in [Lot12]. Nevertheless, we
shall present it here for the reader’s convenience.

We start by substituting ∇i∇ j f = ∇̂i∇̂i f +HAi j (2.11) into equation (2.17a) to get

∂

∂t
gi j =−2(Ri j + ∇̂i∇̂ j f +HAi j −αn∇̂iw∇̂ jw)

=−(L
∇̂ f g)i j −2(Ri j −αn∇̂iw∇̂ jw)−2HAi j,

which is equation (2.19). Likewise, equation (2.20) follows from Proposition 1.5.
To prove equation (2.21) we first observe that by (2.17a)

1
2

vαβ =−(Rαβ +∇α∇β f −αn∇αw∇β w).

It has already been calculated ∂

∂tAi j to arbitrary variation (see (1.28))

δAi j =
1
2
(∇iv j0 +∇ jvi0 −∇0vi j)+

1
2

v00Ai j.

Since e0w = 0 implies v00 = R00 +∇0∇0 f , the previous equation is rewritten as

∂

∂t
Ai j =−∇i(R j0 +∇ j∇0 f −αn∇ jw∇0w)−∇ j(Ri0 +∇i∇0 f −αn∇iw∇0w)

+∇0(Ri j +∇i∇ j f −αn∇iw∇ jw)−Ai j(R00 +∇0∇0 f ).

Now we will compute some terms of this equation. The first one of them is

∇i∇ j∇0 f = ∇̂i∇ j∇0 f −Ai j∇0∇0 f +Ak
i∇ j∇k f .

Replacing ∇ j∇0 f =−∇̂ jH +Ak
j∇̂k f (see (2.12)), we obtain

∇i∇ j∇0 f = ∇̂i

(
− ∇̂ jH +Ak

j∇̂k f
)
−Ai j∇0∇0 f +Ak

i

(
∇̂ j∇̂k f +HA jk

)
= ∇̂i

(
− ∇̂ jH +Ak

j∇̂k f
)
−Ai j∇0∇0 f +Ak

i∇̂ j∇̂k f +HAk
iA jk

=−∇̂i∇̂ jH +
(

∇̂iAk
j

)
∇̂k f +Ak

j∇̂i∇̂k f −Ai j∇0∇0 f +Ak
i∇̂ j∇̂k f +HAk

iA jk.
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The second one of them is due to Symmetry Lemma (see (1.1))

∇0∇i∇ j f −∇ j∇i∇0 f = ∇0∇ j∇i f −∇ j∇0∇i f =−R0 jαi∇
α f =−R0 jki∇̂

k f −R0 j0i∇0 f .

The third one of them is

∇0

(
∇iw∇ jw

)
= ∂0(∇iw∇ jw)−⟨∇w,∇∂0∂i⟩∇ jw−∇iw⟨∇w,∇∂0∂ j⟩

=
(

∇0∇iw+ ⟨∇w,∇∂0∂i⟩
)

∇ jw+∇iw
(

∇0∇ jw+ ⟨∇w,∇∂0∂ j⟩
)

−⟨∇w,∇∂0∂i⟩∇ jw−∇iw⟨∇w,∇∂0∂ j⟩
= ∇i∇0w∇ jw+∇iw∇ j∇0w.

By interchanging 0 and j we also obtain

∇ j

(
∇iw∇0w

)
= ∇i∇ jw∇0w+∇iw∇0∇ jw.

All this implies that

∂

∂t
Ai j =−∇iR j0 −∇ jRi0 +∇0Ri j −Ai j(R00 +∇0∇0 f )−∇i∇ j∇0 f −∇ j∇i∇0 f +∇0∇i∇ j f

+αn∇i(∇ jw∇0w)+αn∇ j(∇iw∇0w)−αn∇0(∇iw∇ jw)

=−∇iR j0 −∇ jRi0 +∇0Ri j −Ai j(R00 +∇0∇0 f )+ ∇̂i∇̂ jH −
(

∇̂iAk
j

)
∇̂k f

−Ak
j∇̂i∇̂k f +Ai j∇0∇0 f −Ak

i∇̂ j∇̂k f −HAk
iA jk −R0 jki∇̂

k f +R0 j0iH

= ∇̂i∇̂ jH −
(
∇̂iAk j −R0 jik

)
∇̂

k f −Ak
i∇̂ j∇̂k f −Ak

j∇̂i∇̂k f +R0i0 jH

−∇iR j0 −∇ jRi0 +∇0Ri j −Ai jR00 −HAk
iA jk.

Using Codazzi-Mainardi equation R0 jik = ∇̂iA jk − ∇̂kAi j (see (1.11)) gives

∂

∂t
Ai j = ∇̂i∇̂ jH −

(
∇̂kAi j

)
∇̂

k f −Ak
i∇̂ j∇̂k f −Ak

j∇̂i∇̂k f +R0i0 jH −∇iR j0 −∇ jRi0 +∇0Ri j

−Ai jR00 −HAk
iA jk.

Making T =A in (1.3) to obtain

∂

∂t
Ai j = ∇̂i∇̂ jH −

(
L

∇̂ fA
)

i j
−∇iR j0 −∇ jRi0 +∇0Ri j −Ai jR00 +R0i0 jH −HAk

iA jk.

From Simons’ identity (see (1.10)) we get

∂

∂t
Ai j = (∆̂A)i j −

(
L

∇̂ fA
)

i j
− (∇iR j0 − ∇̂iR j0)− (∇ jRi0 − ∇̂ jRi0)−2Ai jR00 +Ak

iR0k0 j

+Ak
jR0k0i +2AklRkil j −2HAk

iA jk +AklAklAi j +∇0R0i0 j.
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Since ∇iR j0 = ∇̂iR j0 −Ai jR00 +Ak
iR jk (see (1.2)), we conclude (2.21).

For finishing our proof, we will show equation (2.22). For it, note that

δH =−vi jAi j +gi j
δAi j

and by (1.4) applied to T =A to obtain

gi j(L
∇̂ fA)i j −2Ai j

∇̂i∇̂ j f = ∇̂
∇̂ f (g

i jAi j) = ⟨∇̂ f , ∇̂H⟩.

So,

∂

∂t
H = 2(Ri j + ∇̂i∇̂ j f −αn∇̂iw∇̂ jw+HAi j)Ai j +gi j

(
∂

∂t
Ai j

)
= 2(Ri j + ∇̂i∇̂ j f +HAi j)Ai j +gi j

(
(∆̂A)i j −

(
L

∇̂ fA
)

i j
−Ak

iRl
kl j −Ak

jRl
kli

+2AklRkil j −2HAk
iA jk +AklAklAi j +∇0R0i0 j

)
−2αnA(∇̂w, ∇̂w)

= 2Ai jRi j +2HAi jAi j + ∆̂H −
(

gi j(L
∇̂ fA)i j −2Ai j

∇̂i∇̂ j f
)
−2Ak jA jkH +AklAklH

+∇0R00

= ∆̂H −⟨∇̂ f , ∇̂H⟩+2Ai jRi j +Ai jAi jH +∇0R00 −2αnA(∇̂w, ∇̂w).

This finishes the proof. □

As a consequence of Proposition 2.10, we have the following refinement of the formula
obtained in Proposition 2.8.

Corollary 2.11. Let M be an n(⩾ 3)-dimensional compact smooth manifold with boundary ∂M,
and let Iαn

∞ be the weighted extended GHY-action on P(M) defined in (2.3). If (g(t),w(t)) ∈
met(M)×C∞(M), t ∈ [0,T ) evolves by{

∂

∂t g =−2(Ric+Hess f −αn dw⊗dw),
∂

∂t w = ∆gw−⟨∇ f ,∇w⟩
(2.23)

and

∂

∂t
f =−∆g f −Rg +αn|∇w|2 (2.24)

in M× [0,T ) satisfying H + e0 f and e0w = 0 on ∂M. Then the following identity holds:

d
dt

Iαn
∞ = 2

∫
M

(∣∣Ric+Hess f −αn dw⊗dw
∣∣2 +αn

(
∆gw−⟨∇w,∇ f ⟩

)2
)

e− f dV

+2
∫

∂M

(
∂

∂t
H −⟨∇̂ f , ∇̂H⟩+A(∇̂ f , ∇̂ f )+2R0i

∇̂i f −1
2

∇0R−HR00 +αnA(∇̂w, ∇̂w)
)
e− fdA .

45



In particular, if both Ri j+∇i∇ j f −αn∇iw∇ jw and Ri0+∇i∇0 f vanish on ∂M, then the integrand
of ∂M vanishes.

Proof. From equation (2.22) of Proposition 2.10, the boundary integrand term of Proposition 2.8
can be rewritten as

∆̂H −2⟨∇̂ f , ∇̂H⟩+A(∇̂ f , ∇̂ f )+Ai jAi jH +Ai jRi j +2R0i
∇̂i f − ∇̂iR0i −αnA(∇̂w, ∇̂w)

=
∂

∂t
H −⟨∇̂ f , ∇̂H⟩+A(∇̂ f , ∇̂ f )+2R0i

∇̂i f − 1
2

∇0R−HR00 +αnA(∇̂w, ∇̂w).

The second contracted Bianchi identity and the fact that ∇iR j0 = ∇̂iR j0 −Ai jR00 +Ak
iR jk (see

(1.2)) imply

1
2

∇0R = ∇iRi0 +∇0R00 = ∇̂iRi0 +Ai jRi j −HR00 +∇0R00.

The required integral formula follows from these two latter equations. If, in addition, both
Ri j+∇i∇ j f −αn∇iw∇ jw and Ri0+∇i∇0 f vanish on ∂M, then by Proposition 2.8 the integrand
of ∂M, namely

∂

∂t
H −⟨∇̂ f , ∇̂H⟩+A(∇̂ f , ∇̂ f )+2R0i

∇̂i f − 1
2

∇0R−HR00 +αnA(∇̂w, ∇̂w)

vanishes. □

2.3 Hypersurfaces in an extended Ricci flow background

In this section, we consider mean curvature flow in an extended Ricci flow background (see
definition in Subsection 2.3.1). In particular, we recover the mean curvature flow in a Ricci
flow background (or Ricci-mean curvature flow) by Lott. For explicit examples of Ricci-mean
curvature flows, see Yamamoto [Yam18].

In Subsection 2.3.1, we translate to an evolving hypersurface Σ in an extended Ricci flow
solution the results of the previous sections from a fixed manifold with boundary equipped with
a Perelman’s modified extended Ricci flow (g(t),w(t)).

In Subsection 2.3.2, we show that the differential Harnack-type expression vanishes on mean
curvature solitons with additional assumption e0w = 0 on Σ.

In Subsection 2.3.3, we study the mean curvature solitons more closely. For instance, in
Theorem 2.23 we give a characterization of such solitons.

In Subsection 2.3.4, we give proof of the monotonicity of a Huisken-type functional under
extended Ricci flow.
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2.3.1 Mean curvature flow in an extended Ricci flow background

In this subsection, we shall consider mean curvature flows in the following context: let M
be an n(⩾ 3)-dimensional smooth manifold and let (g(t),w(t)) be an extended Ricci flow in
M × [0,T ). Given an (n− 1)-dimensional smooth compact manifold Σ without boundary, and
let {x(·, t); t ∈ [0,T )} be a smooth one-parameter family of immersions of Σ into M. For each
t ∈ [0,T ), set xt = x(·, t) and Σt for the hypersurface xt(Σ) of (M,g(t)), i.e.,

Σt := (xt(Σ),g(t)), t ∈ [0,T ),

and suppose that the family F := {Σt ; t ∈ [0,T )} evolves under mean curvature flow, that is,{
∂

∂t x(p, t) = H(p, t)e(p, t),
x(p,0) = x0(p),

where H(p, t) and e(p, t) are the mean curvature and the unit normal of Σt at the point p ∈ Σ,
respectively. In this setting, we say that F is the mean curvature flow in the (g(t),w(t))-
extended Ricci flow background. In the particular case (g(t),w(t)) = (g(t),w(t)) is a gradient
soliton to the extended Ricci flow on M with potential function f , a hypersurface Σt ∈ F is a
mean curvature soliton, if

H(p, t)+ e(p, t) f = 0 ∀p ∈ Σt .

Here, e( · , t) must be the inward unit normal vector field on Σt .

Remark 2.12. We highlight that the coupling of mean curvature flow with Ricci flow also was
considered by Magni, Mantegazza and Tsatis (see [MMT13]). Moreover, Lott observed that
mean curvature solitons for the mean curvature flow evolving in gradient Ricci soliton solutions
arise quite naturally as f -minimal hypersurfaces.

Now we are working to prove the main results of this thesis.

Proposition 2.13. Suppose that the family F := {Σt ; t ∈ [0,T )} is a mean curvature flow in a
(g(t),w(t))-extended Ricci flow background which satisfies e0w = 0 on Σ0, where e0 is the unit
normal vector field on Σ0. Then, the following evolution equations hold:

∂

∂t
gi j =−2(Ri j −αn∇̂iw∇̂ jw)−2HAi j, (2.25)

∂

∂t
w = ∆̂w+∇0∇0w, (2.26)

∂

∂t
Ai j = (∆̂A)i j −Ak

iRl
kl j −Ak

jRl
kli +2AklRkil j −2HAikAk

j (2.27)

+AklAklAi j +∇0R0i0 j
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and

∂

∂t
H = ∆̂H +2Ai jRi j +Ai jAi jH +∇0R00 −2αnA(∇̂w, ∇̂w). (2.28)

Proof. In this proof, we follow [Lot12, Prop. 4] closely. First assume that Σt = ∂Xt with each
Xt compact. Given a time interval [a,b], we can find a positive solution u = e− f on

⋃
t∈[a,b](Xt ×

{t})⊂ M× [a,b] of the conjugate heat equation

∂

∂t
u(t) =−∆g(t)u(t)+Rg(t)u(t)−αn|∇w(t)|2g(t)u(t) (2.29)

satisfying the boundary condition e( · , t)u = Hu, by solving it backwards in time from t = b.
(Choosing diffeomorphisms from {Xt} to Xa, we can reduce the problem of solving (2.29) to a
parabolic equation on a fixed domain with e0w = 0 on Σ0).

Let {φt}t∈[a,b] be the one-parameter family of diffeomorphisms generated by {−∇g(t) f (t)},
with φa = Id. Then φt(Xa) = Xt for all t. By setting g̃(t) = φ∗

t g(t), w̃(t) = φ∗
t w(t) and f̃ (t) =

φ∗
t f (t) we have that g̃(t), w̃(t) and f̃ (t) are defined on Xa. We claim that{

∂

∂t g̃(t) =−2(Ricg̃(t)+Hessg̃(t) f̃ (t)−αn dw̃(t)⊗dw̃(t)),
∂

∂t w̃ = ∆g̃(t)w̃(t)−⟨∇w̃(t),∇ f̃ (t)⟩g̃(t),

and

∂

∂t
f̃ (t) =−∆g̃(t) f̃ (t)−Rg̃(t)+αn|∇w̃(t)|2g̃(t)

in Xa × [a,b] with e0 f +H = 0 and e0w = 0 on ∂Xa = Σ. Indeed,

∂

∂t
g̃ = φ

∗
t
( ∂

∂t
g
)
+φ

∗
t L d

dt φt
g = φ

∗
t
(
−2(Ricg−αn dw⊗dw)

)
−φ

∗
t L(∇g(t) f (t)

)g

=−2(Ricg̃+Hessg̃ f̃ −αn dw̃⊗dw̃),

in Xa. For the second item, we have

∂

∂t
w̃ = φ

∗
t

(
∂

∂t
w
)
+φ

∗
t L d

dt φt
w = φ

∗
t

(
∆w

)
−φ

∗
t L(∇g(t) f (t)

)w = ∆g̃w̃−⟨∇w̃,∇ f̃ ⟩g̃.

Now, we use that ∆u = (|∇ f |2 −∆ f )e− f and (2.29) to obtain

∂

∂t
f̃=φ

∗
t

(
∂

∂t
f
)
+φ

∗
t L d

dt φt
f=φ

∗
t

(
|∇ f |2−∆ f−R+αn|∇w|2

)
−φ

∗
tL(∇g(t) f (t)

) f=−∆g̃ f̃ −Rg̃ +αn|∇w̃|2g̃.

The boundary conditions follow from the fact that e0u=Hu and e0w= 0 on Σ0. Thus, (g̃(t), w̃(t))
evolves by Perelman’s modified extended Ricci flow in Xa× [a,b], and then we are in a position
to use Proposition 2.10 for the compact manifold Xa with boundary ∂Xa. So, from equation (2.19)
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we have on Σt

∂

∂t
gi j=

∂

∂t

(
(φ∗

t )
−1

φ
∗
t gi j

)
=

∂

∂t

(
(φ∗

t )
−1̃gi j

)
=(φ∗

t )
−1
(

∂

∂t
g̃i j+

(
L d

dt φ
−1
t

g̃
)

i j

)
=−2(Ri j−αn∇̂iw∇̂ jw)−2HAi j,

which is (2.25). Likewise, from equation (2.20) one has

∂

∂t
w = (φ∗

t )
−1
(

∂

∂t
w̃+L d

dt φ
−1
t

w̃
)
= ∆̂w+∇0∇0w,

which is (2.26). Next, equation (2.21) implies

∂

∂t
Ai j = (φ∗

t )
−1
(

∂

∂t
Ãi j +

(
L d

dt φ
−1
t
Ã
)

i j

)
= (∆̂A)i j −Ak

iRl
kl j −Ak

jRl
kli +2AklRkil j −2HAikAk

j +AklAklAi j +∇0R0i0 j.

Finally, from equation (2.22) we get

∂

∂t
H = (φ∗

t )
−1
(

∂

∂t
Hg̃ +L d

dt φ
−1
t

Hg̃

)
= ∆̂H +2Ai jRi j +Ai jAi jH +∇0R00 −2αnA(∇̂w, ∇̂w),

which finishes the proof. □

Remark 2.14. We point out that equations (2.25) and (2.26) hold regardless the assumption
e0w = 0 on Σ0.

Remark 2.15. If M is the Euclidean space with its standard metric g0, g(t) = g0 and w(t) = w
is a constant, then Eqs. (2.25), (2.27) and (2.28) are the same as in Proposition 1.8.

Corollary 2.16 ([Lot12, Prop. 4]). Suppose that the family F := {Σt ; t ∈ [0,T )} is a mean
curvature flow in a g(t)-Ricci flow background. Then, the following evolution equations hold:

∂

∂t
gi j =−2Ri j −2HAi j,

∂

∂t
Ai j = (∆̂A)i j −Ak

iRl
kl j −Ak

jRl
kli +2AklRkil j −2HAikAk

j +AklAklAi j +∇0R0i0 j

∂

∂t
H = ∆̂H +2Ai jRi j +Ai jAi jH +∇0R00.

We can now show how the weighted extended GHY-action Iαn
∞ change under a mean curvature

flow {∂Mt} in an (g(t),w(t))-extended Ricci flow background with e0w = 0 on ∂M.

Theorem 2.17. Let M be an n(⩾ 3)-dimensional compact smooth manifold with boundary ∂M,
and let Iαn

∞ be the weighted extended GHY-action on P(M) defined as in (2.3). Suppose that
the family {∂Mt ; t ∈ [0,T )} is a MCF in a (g(t),w(t))-extended Ricci flow background which
satisfies e0w = 0 on ∂M, where e0 is the inward unit normal vector field on ∂M. Under these

49



conditions, if u := e− f is a solution to the conjugate heat equation

∂

∂t
u =−∆gu+Rgu−αn|∇w|2u (2.30)

in M× [0,T ), with e0u = Hu on ∂M, then

d
dt

Iαn
∞ = 2

∫
M

(
|Ric+Hess f −αn dw⊗dw|2 +αn

(
∆gw−⟨∇w,∇ f ⟩

)2
)

e− f dV

+2
∫

∂M

(
∂

∂t
H −2⟨∇̂ f , ∇̂H⟩+A(∇̂ f , ∇̂ f )+2R0i

∇̂i f − 1
2

∇0Rg −HR00

+αnA(∇̂w, ∇̂w)
)

e− f dA .

In particular, if both
(
Ri j +∇i∇ j f −αn∇iw∇ jw

)
|∂M = 0 and

(
Ri0 +∇i∇0 f

)
|∂M = 0 vanish on

∂M, then the boundary integrand vanishes.

Proof. The hypotheses on {∂Mt ; t ∈ [0,T )} and on u allow us to use g̃(t), f̃ (t) and w̃(t)
on M = Xa as in the proof of Proposition 2.13, so that (g̃(t), w̃(t)) evolves by Perelman’s
modified extended Ricci flow in M × [0,T ). In this way, the result follows immediately from
Corollary 2.11 and the fact that the identity

∂

∂t
Hg̃ =

∂

∂t
H −⟨∇̂ f , ∇̂H⟩.

holds on ∂Mt for all t ∈ [0,T ). □

Remark 2.18. As we pointed out in the introduction, Theorem 2.17 extends Theorem 1 in
[Lot12]. Also, when M is compact without boundary, Theorem 2.17 coincides with [Lis08,
Lemma 3.4].

We finish this subsection by recovering the results by Ecker [Eck07, Props. 3.2 and 3.4] and
List [Lis08, Thm. 6.1].

Let Ω be a bounded domain with smooth boundary ∂Ω in Euclidean space Rn with its
standard metric g0, and suppose {∂Ωt ; t ∈ [0,T )} evolves by mean curvature flow in (Rn,g0)

with Σ0 = ∂Ω. Let f : Ω → R be a smooth function and consider the functional given by

W(Ω, f ,τ) =
∫

Ω

(
τ|∇ f |2 + f −n

)
vdV+2

∫
∂Ω

τHvdA .

on Rn×C∞(Ω)×R+, where v = (4πτ)−
n
2 e− f , and the function u = e− f is the positive solution

on
⋃

t∈[0,T )(Ωt ×{t})⊂ Rn × [0,T ) of{
∂

∂t u =−∆u+ n
2τ

u,
d
dt τ =−1.
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satisfying the boundary condition e( · , t)u = Hu. Let {φt}t∈[0,T ) be the one-parameter family
of diffeomorphisms generated by {−∇ f (t)}t∈[0,T ), with φ0 = Id, and Ωt := φt(Ω). By setting

δαβ ◦φt and f ◦φt we have that are defined on Ω and plugging ∂

∂t (δαβ ◦φt) =
(
(L d

dt φt
δ )αβ

)
◦φt ,

∂

∂t ( f ◦ φt) = (−∆ f − n
2τ
) ◦ φt and ξ = −1 in the variation of W (see Corollary 1.21) since

∂

∂t

(
(vdV)◦φt

)
= 0 we have

d
dt
W =

∫
Ω

2τ

(∣∣∣∇α∇β f − 1
2τ

δαβ

∣∣∣2v
)
◦φt dV

+2τ

∫
∂Ω

(( ∂

∂t
H −⟨∇̂H, ∇̂ f ⟩+A(∇̂ f , ∇̂ f )− H

2τ

)
v
)
◦φt dA .

Since ∂

∂t (H ◦φt) =
(

∂

∂t H −⟨∇̂ f , ∇̂H⟩
)
◦φt , we recover the following result.

Proposition 2.19 ([Eck07, Props. 3.2 and 3.4]).

d
dt
W(Ωt , f (t),τ(t))=

∫
Ωt

|Hess f− 1
2τ

g0|2vdV+2τ

∫
∂Ωt

(
∂

∂t
H−2⟨∇̂H, ∇̂ f ⟩+A(∇̂ f , ∇̂ f )−H

2τ

)
vdA .

2.3.2 Extension of Hamilton’s differential Harnack expression

Here, we will see as the boundary integrand term of the time-derivative of weighted extended
GHY-action provides an extension of Hamilton’s differential Harnack expression for mean
curvature flow in Euclidean space to the more general context of mean curvature flow in an
extended Ricci flow background.

Let F := {Σt} be a family of mean curvature solitons in a (g,w)-extended Ricci flow
background. Recall that a hypersurface Σt ∈ F is said to be a mean curvature soliton if

H(p, t)+ e(p, t) f = 0 ∀p ∈ Σt .

Thus, the equations for the steady case

Ri j +∇i∇ j f −αn∇iw∇ jw = 0 and Ri0 +∇i∇0 f −αn∇iw∇0w = 0

on Σt become

Ri j + ∇̂i∇̂ j f +HgAi j −αn∇̂iw∇̂ jw = 0, (2.31)

and

Ri0 − ∇̂iHg +Ak
i∇̂k f −αne0w∇̂iw = 0. (2.32)
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Example 2.20. For instance, consider M = Rn, g(t) = δαβ and w(t) = w constant, and let L be
a linear function on Rn. Defining f = L+ t|∇L|2, we have that f satisfies (2.7). Changing f to
− f , equations (2.31) and (2.32) then become

∇̂i∇̂ j f = HAi j and ∇̂iH +Ak
i∇̂k f = 0,

respectively, which appear in [Ham95, p. 219] as equations for a translating soliton.

Consider a bounded domain Ω with smooth boundary ∂Ω in Euclidean space Rn, and take
a solution u = e− f to conjugate heat equation (2.30) in Ω× [0,T ) with e0u = Hu on ∂Ω. If
{∂Ωt ; t ∈ [0,T )} is a mean curvature flow in a (g(t),w(t))-extended Ricci flow background
with g(t) Ricci flat and e0w = 0 on ∂Ω, then the boundary integrand in Theorem 2.17 becomes

Z(V )+αnA(∇̂w, ∇̂w),

where V = −∇̂ f and Z(V ) := ∂

∂t H + 2⟨V, ∇̂H⟩+A(V,V ) is Hamilton’s differential Harnack
expression for the case of mean curvature flow in Euclidean space, which vanishes in the
particular case F is a translating solitons (cf. [Ham95, Def. 4.1 and Lem. 3.2]).

The next result suggests an extension Zαn
g,w of Z for the more general case of mean curvature

flow in an extended Ricci flow background, whose characterization of nullity should be on the
steady case. For this, we observe that, if (g(t),w(t)) is a gradient steady soliton on a smooth
manifold M with potential function f , and Σ is a mean curvature soliton at t = 0, then its ensuing
mean curvature flow {Σt} consists of mean curvature solitons, and {Σt} differs from {ψt(Σ)}
by hypersurface diffeomorphisms. In Subsection 2.3.3, we give a more general description that
includes the shrinking and expanding soliton cases.

Corollary 2.21. Let M be an n(⩾ 3)-dimensional smooth manifold, and let (g(t),w(t)) be a
gradient steady soliton to the extended Ricci flow on M with potential function f . Assume that
F := {Σt ; t ∈ [0,T )} is a mean curvature flow in a (g,w)-extended Ricci flow background
which satisfies H + e0 f = 0 and e0w = 0 on Σ0, where e0 is the unit normal vector field on Σ0.

Under these conditions, the differential expression

∂

∂t
Hg −2⟨∇̂g f , ∇̂gH⟩g +A(∇̂g f , ∇̂g f )+2R0i

∇̂i f − 1
2

∇0Rg −HgR00 +αnA(∇̂w, ∇̂w)

vanishes on Σt for all t ∈ [0,T ), where A and and ∇̂g are as in Theorem 2.17.

Proof. If (g(t),w(t)) is a gradient steady soliton to the extended Ricci flow in M× [0,T ), then
the positive function u = e− f on

⋃
t∈[0,T )(Xt ×{t}) ⊂ M × [0,T ) satisfies the conjugated heat

equation (2.29) with e0u=Hu and e0w= 0 on ∂X0 =Σ0, where the boundary conditions follows
from the assumptions on Σ0. To see this, first observe that ∆gu = (|∇g f |2g −∆g f )u. Now taking
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traces in (2.6a) and using (2.7), we obtain

∂

∂t
u =−u|∇g f |2g =−∆gu+Rgu−αn|∇gw|2gu.

Thus, we can define g̃(t), w̃(t) and f̃ (t) on X0 as in the proof of Proposition 2.13, so that
(g̃(t), w̃(t)) evolves by Perelman’s modified extended Ricci flow in X0 × [0,T ). Besides, again
we use that (g(t),w(t)) is a gradient steady soliton and that e0w = 0 on Σ0, to get(

R̃i j + ∇̃i∇̃ j f̃ −αn∇̃iw̃∇̃ jw̃
)
|Σ0 = 0 and

(
R̃i0 + ∇̃i∇̃0 f̃

)
|Σ0 = 0.

As in the proof of Theorem 2.17, the result follows from Corollary 2.11 and the identity

∂

∂t
Hg̃ =

∂

∂t
Hg −⟨∇̂g f , ∇̂gHg⟩g.

This completes the proof. □

Remark 2.22. Suppose M = Rn, g(t) = δαβ , w(t) = w constant. Let L be a linear function on
Rn and define f = L+ t|∇L|2. Letting V (t) = −∇̂ f , Corollary 2.21 coincides with [Ham95,
Lem. 3.2].

2.3.3 Characterization of mean curvature solitons

Here, we will show how to construct a family of mean curvature solitons and establish a
characterization of such a family. For it, let M be an n(⩾ 3)-dimensional smooth manifold,
and let (g(t),w(t)) be a gradient soliton to the extended Ricci flow on M for some initial value
(g,w) and with potential function f = ψ∗

t f , where {ψt} is the smooth one-parameter family
of diffeomorphisms of M generated by Yt = ∇g f/σ(t), with σ(t) =−κt and ψ−κ = Id, where
κ = 1 in the shrinking case (for t ∈ (−∞,0)), κ = −1 in the expanding case (for t ∈ (0,+∞))
and σ(t) = 1 in the steady case (for t ∈ R) with ψ0 = Id (see Proposition 2.2).

Given an (n− 1)-dimensional smooth compact manifold Σ without boundary, let {x( · , t)}
be a smooth one-parameter family of immersions of Σ into M, given by x(·, t) := ψ(·,−t −2κ)

and x(·, t) := ψ(·,−t) in the steady case. Note that x(·,−κ) = ψ( · ,−κ) = Id and x( · ,0) =
ψ(·,0) = Id. Moreover, when considering x(·, t) := ψ(·,−t −2κ), we are assuming t ∈ (−2,0)
in the shrinking case, t ∈ (0,2) in the expanding case, and t ∈ R in the steady case. For each t,
set xt = x( · , t), Σt for the hypersurface xt(Σ) of (M,g(t)), i.e., Σt :=(xt(Σ),g(t)), and G := {Σt}.
In this setting, we prove the next two propositions. In particular, if G evolves by MCF in the
(g,w)-extended Ricci flow background on M, then it is a family of mean curvature solitons.
Indeed, since g(t) = σ(t)ψ∗

t g, we have ∇g f = σ(t)∇g(t) f , and then

H(p, t) = g(t)
(

∂

∂ t
x(p, t),e(p, t)

)
= g(t)

(
−

∇g f (p)
σ(t)

,e(p, t)
)
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=−g(t)
(

∇g(t) f (p),e(p, t)
)
=−e(p, t) f (p),

it proves our claim. A sufficient condition for ensuring that G is a family of mean curvature
solitons is that the hypersurface Σ should be f -minimal. Besides, we will see that any family F

of mean curvature solitons is given by the family G up to reparametrization, as stated below.

Theorem 2.23. If Σ is the f -minimal hypersurface of (M,g), then G is a family of mean
curvature solitons. Moreover, any family F of mean curvature solitons is given by G up to
reparametrization.

Proof. Let Σ be a hypersurface of (M,g) satisfying H + eo f = 0 on Σ, where eo is the unit
normal vector field on Σ. Take G = {Σt} the smooth one-parameter family of isometric imm-
ersions of Σ into M as above, so that eo =

√
σ(t)e( · , t), and then Aeo(p) =

√
σ(t)Ae(p,t) that

implies H(p) =
√

σ(t)H(p, t). Hence,

0 = H(p)+ eo f (p) =
√

σ(t)H(p, t)+
√

σ(t)e(p, t) f =
√

σ(t)
(
H(p, t)+ e(p, t) f

)
.

Thus,(
∂

∂ t
x(p, t)

)⊥
= g(t)

(
∂

∂ t
x(p, t),e(p, t)

)
e(p, t) = g(t)

(
−

∇g f
σ(t)

,e(p, t)
)

e(p, t)

=−g(t)
(

∇g(t) f (p),e(p, t)
)

e(p, t) =−e(p, t)( f )e(p, t) = H(p, t)e(p, t).

Now, we affirm that if a smooth family of hypersurfaces Σt = xt(Σ) satisfies ⟨ ∂

∂ t x(p, t),e(p, t)⟩=
H(p, t), then it can be everywhere locally reparametrized to a mean curvature flow. Indeed, if
∂

∂ t x(p, t) = H(p, t)e(p, t) +X(p, t), where X(p, t) ∈ dxt(T pΣ) ∀p ∈ Σ, take {ϕt} the smooth
one-parameter family of diffeomorphisms of Σ generated by Y (p, t) = −[dxt ]

−1(X(p, t)) and
then consider the reparametrization x̃(p, t) = x(ϕt(p), t). By a straightforward computation
{Σ̃t := x̃t(Σ)} evolves by MCF in the (g,w)-extended Ricci flow background on M. Finally,
by a simple analysis of this proof, we also show that any family F of mean curvature solitons
is given by G up to reparametrization. □

2.3.4 Huisken-type monotonicity

It is not surprise that monotonicity formulas play an fundamental role in geometric analysis.
For instance, some well-known are: Huisken’s integral for the mean curvature flow (see [Hui90]),
Perelman entropy formula for the Ricci flow (see [Per02]), and List entropy formula for the
extended Ricci flow (cf. [Lis08]). More recently, Lott and Magni, Mantegazza and Tsatis
showed monotonicity formulas for mean curvature flow when the ambient manifold moving
by Ricci flow, known also as Ricci flow background (see [Lot12] and [MMT13]).

In [MMT13], Magni et al. showed some computations related to the motion by mean
curvature flow of a submanifold inside an ambient Riemannian manifold evolving by Ricci
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or backward Ricci flow (i.e., ∂

∂t g(t) = 2Ricg(t)). Special emphasis was given to the possible
generalization of Huisken’s monotonicity formula and its connection with the validity of some
Li-Yau-Hamilton differential Harnack-type inequalities in a moving Riemannian manifold, as
stated below.

Theorem 2.24 (Huisken’s Monotonicity-type Formula [MMT13]). Consider a smooth compact
submanifold Nm of a Riemannian manifold (Mn,g(t)) evolving by the Ricci flow (or the backward
Ricci flow), and u : Mn× [0,T )→R is a positive smooth solution of the backward heat equation
∂

∂t u =−∆gu+Ku, for some smooth function K on M× [0,T ). If Nm moving by mean curvature
in the time interval [0,T ), then the quantity [4π(T − t)]

n−m
2

∫
N udA is non increasing during the

flow in [0,T ).

For the proof of the previous result was essential the nonpositivity of the Li-Yau-Hamilton
quantity for the Ricci flow, namely, let (M,g(t)) be an n-dimensional Riemannian manifold
evolving by the Ricci flow ∂

∂t g = −2Ricg, and let u : M × [0,T )→ R be a positive solution of
∂

∂t u =−∆u+Ru. Under these assumptions, considering a compact m-submanifold Σ moving by
mean curvature flow, then it is true the so called Hamilton’s matrix Li-Yau Harnack differential
inequality

gab(
∇a∇b f +Rab −

1
2(T − t)

gab
)
⩽ 0, (2.33)

where f =− logu, for all indices a,b associated with the coordinates which are normal to Σ.

Inspired by this work, we establish analogous results to the motion by mean curvature flow
of a submanifold inside an ambient Riemannian manifold moving by extended Ricci flow.

In order to establish the main result of this section (see Theorem 2.26), we first determine
how the area (i.e., the (n− 1)-dimensional Riemannian measure) of a mean curvature flow in
an extended Ricci flow background evolves.

Lemma 2.25. Consider an n(⩾ 3)-dimensional smooth manifold M and let (g(t),w(t)) be a
gradient soliton to the extended Ricci flow on M with potential function f . Assume that F :=
{Σt} is a mean curvature flow in the (g,w)-extended Ricci flow background, and denote by dAg

the (n− 1)-dimensional Riemannian measure on Σt induced by g(t). Under these conditions,
the following equation holds on Σt for all t

∂

∂t
(dAg) =−(Ri

i +H2
g −αn|∇̂gw|2g)dAg .

Proof. The lemma follows by using the well-known formula

∂

∂t
(dAg) =

1
2

tr(gi j(t))

(
∂

∂t
gi j

)
dAg

and equation (2.25) in Proposition 2.13 (see also Remark 2.14). □
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We restrict ourselves in the special case of a special solution of extended Ricci flow and
hypersurfaces, more generally, see Remark 2.34.

Theorem 2.26. Let M be an n(⩾ 3)-dimensional smooth manifold. Let (g(t),w(t)) be a gradient
soliton to the extended Ricci flow on M with potential function f . Assume that F := {Σt} is a
MCF in the (g,w)-extended Ricci flow background, denote by dAg the (n− 1)-dimensional
Riemannian measure on Σt induced by g(t), and set Area f (Σt) :=

∫
Σt

e− f dAg Under these
conditions, the function Φ(t) given by:

(i) R ∋ t 7→ Area f (Σt) in the steady case;

(ii) (−∞,0) ∋ t 7→ (−t)−(n−1)/2 Area f (Σt) in the shrinking case;

(iii) (0,∞) ∋ t 7→ t−(n−1)/2 Area f (Σt) in the expanding case;

is nonincreasing. Moreover, Φ(t) is constant if and only if F is a family of mean curvature
solitons.

Proof. Lemma 2.25 and a straightforward computation yields

d
dt

Area f (Σt) =−
∫

Σt

( d
dt

f +Ri
i +H2

g −αn|∇̂gw|2g
)

e− f dAg .

By Chain rule d
dt f = ∂

∂t f d
dt t +g(t)(∇g(t) f , ∂

∂t x) that implies

d
dt

Area f (Σt) =−
∫

Σt

(
∂

∂t
f +Hget f +Ri

i +H2
g −αn|∇̂gw|2g

)
e− f dAg .

First, assume (g(t),w(t)) is a gradient steady soliton. In this case, we can take traces in (2.6a)
on Σt to get

0 = Ri
i +∇i∇

i
f −αn|∇̂gw|2g = Ri

i + ∇̂
i
∇̂i f −Hget f −αn|∇̂gw|2g.

Then, using (2.7), we obtain

d
dt

Area f (Σt) =−
∫

Σt

(
|∇g f |2g − ∆̂g f +2Hget f +H2

g

)
e− f dAg

=−
∫

Σt

(
|∇̂g f |2g +(et f )2 − ∆̂g f +2Hget f +H2

g

)
e− f dAg

=−
∫

Σt

(
Hg + et f

)2
e− f dAg,

where in the second line we have used the equality

∆̂ge− f = (|∇̂g f |2g − ∆̂g f )e− f
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and Stokes’ theorem. Since the boundary integrand in the right-hand side is nonnegative, we
have immediately the result of the theorem for the steady case.

For the shrinking case, we claim that the function

t ∈ (−∞,0) 7→ τ
−(n−1)/2 Area f (Σt)

is non increasing in t, where τ =−t. Indeed, as above, we take traces in (2.6a) on Σt to obtain

n−1
2τ

=−n−1
2t

= Ri
i +∇

i
∇i f −αn|∇̂gw|2g = Ri

i + ∇̂
i
∇̂i f −Hget f −αn|∇̂gw|2g.

Then,

d
dt

(
τ
−(n−1)/2 Area f (Σt)

)
=−τ

−(n−1)/2
∫

Σt

( d
dt

f +Ri
i +H2

g −αn|∇̂gw|2g
)

e− f dAg

+
(n−1)

2
τ
− (n−1)

2 −1
∫

Σt

e− f dAg

=−τ
−(n−1)/2

∫
Σt

(
∂

∂t
f+Hget f+Ri

i+H2
g−αn|∇̂gw|2g−

n−1
2τ

)
e− fdAg

=−τ
−(n−1)/2

∫
Σt

(
Hg + et f

)2
e− f dAg .

This proves the claim, and so the theorem for the shrinking case.
Finally, in a similar way, for the expanding case, we claim that the function

t ∈ (0,+∞) 7→ t−(n−1)/2 Area f (Σt)

is non increasing in t. Indeed, as above, we take traces in (2.6a) on Σt to obtain

−n−1
2t

= Ri
i +∇

i
∇i f −αn|∇̂gw|2g = Ri

i + ∇̂
i
∇̂i f −Hget f −αn|∇̂gw|2g.

Then,

d
dt

(
t−(n−1)/2 Area f (Σt)

)
=−t−(n−1)/2

∫
Σt

( d
dt

f +Ri
i +H2

g −αn|∇̂gw|2g
)

e− f dAg

− (n−1)
2

t−
(n−1)

2 −1
∫

Σt

e− f dAg

=−t−(n−1)/2
∫

Σt

(
∂

∂t
f +Hget f +Ri

i +H2
g −αn|∇̂gw|2g

)
e− f dAg

=−t−(n−1)/2
∫

Σt

(
Hg + et f

)2
e− f dAg .

This completes the proof of the theorem. □
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Remark 2.27. For the shrinking case in Theorem 2.26, we can recover Huisken’s monotonicity
formula [Hui90, Thm. 3.1], by taking M = Rn, gαβ (τ) = δαβ , f (x,τ) = |x|2

4τ
and w(τ) = w

constant.

To obtain a generalization of Theorem 2.26 it is enough to prove an analogue of Li-Yau-
Hamilton Harnack differential inequality (2.33) in a moving ambient space. More precisely, we
need of an extension of Li-Yau-Hamilton Harnack differential inequality for the extended Ricci
flow case, namely, let (M,g(t),w(t)) be an n(⩾ 3)-dimensional Riemannian manifold evolving
by the extended Ricci flow ∂

∂t g=−2Ricg+2αn dw⊗dw with ∂

∂t w=∆gw, and let u : M× [0,T )→
R be a positive solution of ∂

∂t u =−∆u+Ru−αn|∇w|2u. Under these assumptions, considering
a compact m-submanifold Σ moving by mean curvature flow, we are assuming that

gab(Rab +∇a∇b f −αn∇aw∇bw− 1
2(T − t)

gab
)
⩽ 0 (2.34)

where f =− logu, for all indices a,b associated with the coordinates which are normal to Σ, so
that we can obtain the following generalization of Theorem 2.26.

Theorem 2.28. Consider an n(⩾ 3)-dimensional smooth manifold M and let (g(t),w(t)) be
an extended Ricci flow on M × [0,T ), and u : M × [0,T )→ R is a positive smooth solution of
the backward heat equation ∂

∂t u = −∆gu+Ku, where K = Rg −αn|∇w|2. Assume that F :=
{Σt ; t ∈ [0,T )} is a mean curvature flow in the (g(t),w(t))-extended Ricci flow background
and holds an extension of Li-Yau-Hamilton Harnack differential inequality (2.34). Under these
conditions, the function

t ∈ (0,T ] 7→ [4π(T − t)]
n−m

2

∫
Σt

udAg(t),

is non increasing.

Proof. Indeed, consider Q = Ricg−αn dw⊗dw and τ = T − t in [MMT13, Sect. 2] so that

d
dt

{
τ

n−m
2

∫
Σ

udA
}
=−τ

n−m
2

∫
Σ

|H +∇
⊥ f |2e− f dA

+ τ
n−m

2

∫
Σ

gab(∇a∇b f +Qab−
1

2τ
gab)e− f dA

+ τ
n−m

2

∫
Σ

(K− trQ)e− f dA .

Consequently, the required generalization follows from (2.34) and K= trQ. So, inequality (2.34)
is clearly a stronger property, and then, worthy of a future work. □
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2.4 Examples of solitons solution to the extended Ricci flow

In this section, we show how to obtain a gradient soliton solution to the extended Ricci
flow, and then we are obtaining its corresponding extended Ricci flow and explicit examples of
mean curvature flow in an extended Ricci flow background (see Propositions 2.1 and 2.2 and
Theorem 2.23).

Let g = 1
F2 g0 be a Riemannian metric on Rn, where g0 stands for the Euclidean metric and

F is a nonzero smooth function on Rn, and consider

{
Ricg+Hessg f −αn dw⊗dw = λg,

∆gw = ⟨∇g f ,∇gw⟩g.

(2.35a)

(2.35b)

Since the metric g is conformal to g0, we have

Ricg =
1

F2

(
(n−2)F HessF +(F∆F − (n−1)|∇F |2)g0

)
and the following equations are valid

(Hessg h)i j = hxix j +
Fx j

F
hxi +

Fxi

F
hx j for i ̸= j,

(Hessg h)ii = hxixi +2
Fxi

F
hxi −∑

k

Fxk

F
hxk for i = j,

for any smooth function h on Rn, see e.g. Besse [Bes07]. Hence,

∆gh = F2(
∑
k

hxkxk +(2−n)
1
F ∑

k
Fxkhxk

)
.

We find solutions of Eq. (2.35a) (as well (2.35b)) of the form f (ξ ) and w(ξ ), that is, they
only depend on ξ = ∑

n
i=1 αixi with αi ∈R and ∑

n
i=1 α2

i = 1. The following proposition provides
the system of ordinary differential equations that must be satisfied by such solutions, and then
we can obtain all parameters necessary to construct gradient soliton solutions to extended Ricci
flow on Rn.

Proposition 2.29. Let Rn, with n ⩾ 3, be an Euclidean space with coordinates x = (x1, . . . ,xn)

and metric g = 1
F2(ξ )

g0, where F(ξ ) ∈ C∞(Rn), ξ = ∑
n
i=1 αixi with αi ∈ R. We can obtain

smooth functions f (ξ ) and w(ξ ) satisfying (2.35a) (as well (2.35b)) by means of the equation

F ′′

F
− (n−1)

(F ′

F

)2
+

1
n−2

f ′2 − w′′ f ′

(n−2)w′ =
λ

F2 . (2.36)
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Proof. We need to analyze Eq. (2.35a) in two cases. For i ̸= j, it rewrites as

(n−2)
Fxix j

F
+ fxix j +

Fx j

F
fxi +

Fxi

F
fx j −αnwxiwx j = 0, (2.37)

and for i = j,

(n−2)
Fxixi

F
+∑

k

Fxkxk

F
− n−1

F2 ∑
k

F2
xk
+ fxixi +2

Fxi

F
fxi −∑

k

Fxk

F
fxk −αnw2

xi
=

λ

F2 . (2.38)

On the other hand, equation (2.35b) becomes

F2(
∑
k

wxkxk +(2−n)
1
F ∑

k
Fxkwxk

)
= F2

∑
k

fxkwxk . (2.39)

We now assume that the argument ξ of the functions F(ξ ), f (ξ ) and w(ξ ) is of the form
ξ =∑

n
i=1 αixi. Hence, we have Fxi =F ′αi and Fxix j =F ′′αiα j where the superscript ′ denotes the

derivative with respect to ξ . Using the same reasoning for f and w, equations (2.37) and (2.38)
become

(n−2)
F ′′

F
+ f ′′+2

F ′

F
f ′−αnw′2 = 0 (2.40)

and

(n−2)
F ′′

F
α

2
i +∑

k

F ′′

F
α

2
k −

n−1
F2 ∑

k
F ′2

αk + f ′′α2
i +2

F ′

F
f ′α2

i −∑
k

F ′

F
f ′α2

k −αnw′2
α

2
i

=
λ

F2 . (2.41)

Since n ⩾ 3, we can choose this invariance so that at least two indices i, j are such that αiα j ̸= 0
and ∑

n
i=1 α2

i = 1, and then equations (2.40) and (2.41) become

(n−2)
F ′′

F
+ f ′′+2

F ′

F
f ′−αnw′2 = 0 (2.42)

and

(n−2)
F ′′

F
α

2
i +

F ′′

F
− (n−1)

(F ′

F

)2
+ f ′′α2

i +2
F ′

F
f ′α2

i −
F ′

F
f ′−αnw′2

α
2
i =

λ

F2 . (2.43)

Plugging (2.42) into (2.43), one has

F ′′

F
− (n−1)

(F ′

F

)2
− F ′

F
f ′ =

λ

F2 . (2.44)
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Eq. (2.39) provides w′′− (n−2)F ′

F w′ = f ′w′. Assuming w′ ̸= 0 and using (2.44), we obtain

F ′′

F
− (n−1)

(F ′

F

)2
+

1
n−2

f ′2 − w′′ f ′

(n−2)w′ =
λ

F2 .

This finishes the proof of the proposition. □

We also find radial solutions of Eq. (2.35a) (as well (2.35b)) of the form f (r) and w(r), that
is, they only depend on r = ∥x∥2 with x ∈ Rn.

Proposition 2.30. Let Rn, with n ⩾ 3, be an Euclidean space with coordinates x = (x1, . . . ,xn)

and metric g = 1
F2(r)g0, where F(r) ∈C∞(Rn), r = ∥x∥2. We can obtain smooth functions f (r)

and w(r) satisfying (2.35a) (as well (2.35b)) by means of the equation

2 f ′+4
[
(n−1)

F ′

F
+

F ′′

F
r− (n−1)

(F ′

F

)2
+

1
(n−2)

(
f ′r−4

w′′

w′ −2n
)

f ′
]
=

λ

F2 . (2.45)

Proof. Since r = ∥x∥2, we have Fxi = 2F ′xi and Fxix j = 4F ′′xix j where the superscript ′ denotes
the derivative with respect to r, for all i ̸= j. Besides, Fxi = 2F ′xi and Fxixi = 4F ′′x2

i + 2F ′, for
all i = j. Using the same reasoning for f and w, equations (2.37) and (2.38) become

4xix j

[
(n−2)

F ′′

F
+ f ′′+2

F ′

F
f ′−αnw′2

]
= 0 (2.46)

and

4x2
i

[
(n−2)

F ′′

F
+ f ′′+2

F ′

F
f ′−αnw′2

]
+2 f ′+4

[
(n−1)

F ′

F
+

F ′′

F
r− (n−1)

(F ′

F

)2
− F ′

F
f ′r

]
=

λ

F2 . (2.47)

Plugging (2.46) into (2.47), one has

2 f ′+4
[
(n−1)

F ′

F
+

F ′′

F
r− (n−1)

(F ′

F

)2
− F ′

F
f ′r

]
=

λ

F2 . (2.48)

Eq. (2.39) provides 4w′′+ 2nw′− (n− 2) 1
F F ′w′r = f ′w′r. Assuming w′ ̸= 0 and using (2.44),

we obtain

2 f ′+4
[
(n−1)

F ′

F
+

F ′′

F
r− (n−1)

(F ′

F

)2
+

1
(n−2)

(
f ′r−4

w′′

w′ −2n
)

f ′
]
=

λ

F2 .

□

Remark 2.31. For constructing a family of mean curvature solitons G in the (g,w)-extended
Ricci flow background on (Rn, 1

F2 g0), it is enough to consider a f -minimal hypersurface Σ in
this geometric ambient space. Indeed, it follows immediately from Propositions 2.1 and 2.2,
Theorem 2.23 and Propositions 2.29 and 2.30.
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In what follows, we are using Propositions 2.29 and 2.30 to show how to obtain explicit
parameter functions for constructing gradient soliton solutions to the extended Ricci flow.

Example 2.32. We consider the conformal factor F(r), where r = ∥x∥2, given by F(r) = e−
r2
2

and the potential of the gaussian soliton, f (r) = cr, c ̸= 0. From equation (2.45) we obtain

2c+4
[
− (n−1)r+ r2 −1− (n−1)r2 +

1
(n−2)

(
cr−4

w′′

w′ −2n
)

c
]
= λer2

.

Therefore

w′′

w′ =
n−2

4c

{
2c+4

[
− (n−1)r+ r2 −1− (n−1)r2 +

1
(n−2)

(
cr−2n

)
c
]
−λer2

}
,

whence

lnw′=
n−2

4c

{
2cr+4

[
−(n−1)

r2

2
+

r3

3
−1−(n−1)

r3

3
+

1
(n−2)

(
c

r2

2
−2nr

)
c
]
−λ

∫
er2

dr
}
+ c1,

for some constant c1. Hence

w′ = e

{
n−2
4c

[
2cr+4

(
−(n−1) r2

2 + r3
3 −1−(n−1) r3

3 + 1
(n−2)

(
c r2

2 −2nr
)

c
)
−λ

∫
er2

dr
]
+c1

}
and then

w =
∫

e

{
n−2
4c

[
2cr+4

(
−(n−1) r2

2 + r3
3 −1−(n−1) r3

3 + 1
(n−2)

(
c r2

2 −2nr
)

c
)
−λ

∫
er2

dr
]
+c1

}
dr.

Example 2.33. For f (ξ ) = eξ and F(ξ ) = e−ξ , from equation (2.36) we have

1− (n−1)+
e2ξ

n−2
− w′′eξ

(n−2)w′ = λe2ξ .

Therefore

w′′

w′ =−(n−2)2e−ξ −λ (n−2)eξ + eξ , and then lnw′ = (n−2)2e−ξ −λ (n−2)eξ + eξ + c,

for some constant c. Hence

w′ = e[(n−2)2e−ξ−λ (n−2)eξ+eξ+c] and then w =
∫

e[(n−2)2e−ξ−λ (n−2)e−ξ+eξ+c] dξ .

Example 2.34. For f (ξ ) = tgξ and F(ξ ) = cotgξ , with 0 < ξ < π

2 , from equation (2.36) we
have

2cossecξ − 4(n−1)
sin2 2ξ

+
sec4 ξ

n−2
− w′′ sec2 ξ

(n−2)w′ = λ tg2
ξ .
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Therefore,

w′′ sec2 ξ

(n−2)w′ = 2cossecξ − 4(n−1)
sin2 2ξ

+
sec4 ξ

n−2
−λ tg2

ξ .

Hence,

w′′

w′ =
n−2
sec2 ξ

(
2cossecξ − 4(n−1)

sin2 2ξ
+

sec4 ξ

n−2
−λ tg2

ξ

)
= 2(n−2)cotgξ − (n−1)(n−2)cossecξ + sec2

ξ −λ (n−2)sin2
ξ .

Whence,

lnw′ =
∫ (

2(n−2)cotgξ − (n−1)(n−2)cossecξ + sec2
ξ −λ (n−2)sin2

ξ

)
dξ + c,

for some constant c. Thus,

w′ = exp
{∫ (

2(n−2)cotgξ − (n−1)(n−2)cossecξ + sec2
ξ −λ (n−2)sin2

ξ

)
dξ + c

}
= exp

{
2(n−2) lnsinξ − (n−1)(n−2)

(
lnsin

ξ

2
− lncos

ξ

2
)
+ tgξ −λ (n−2)

(1
2

ξ

− 1
2

sinξ cosξ
)
+ c

}
.

So,

w =
∫

exp
{

2(n−2) lnsinξ − (n−1)(n−2)
(

lnsin
ξ

2
− lncos

ξ

2
)
+ tgξ −λ (n−2)

(1
2

ξ

− 1
2

sinξ cosξ
)
+ c

}
dξ .

Example 2.35. Let Bn
+ ⊂ Rn, n ⩾ 3, be a unitary upper half ball with metric g = 1

(1+xn)2 g0.

Note that its boundary is the standard unitary sphere (Sn−1,g0), ξ = xn and F(xn) = 1+ xn.
Moreover, the mean curvature of (Sn−1,g0) with respect to e0 =−en is Hg0 = n−1, so that we
can take f (x) = (n−1)

〈
x,en

〉
= (n−1)xn, since Hg0 + e0 f = 0. By Proposition 2.29,

F ′′

F
− (n−1)

(F ′

F

)2
+

1
n−2

f ′2 − w′′ f ′

(n−2)w′ =
λ

F2 .

Since F ′ = 1 and F ′′ = 0, we get

(n−1)w′′

(n−2)w′ =− n−1
(1+ xn)2 +

(n−1)2

n−2
− λ

(1+ xn)2 .
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So,

w′′

w′ =− n−2
(1+ xn)2 +n−1− λ (n−2)

(n−1)(1+ xn)2 .

Whence,

lnw′ =
n−2
1+ xn

+(n−1)xn +
λ (n−2)

(n−1)(1+ xn)
+ c,

for some constant c, that implies

w′ = e

{
n−2

1+xn +(n−1)xn+
λ (n−2)

(n−1)(1+xn)
+c
}
,

and then

w =
∫

e

{
n−2

1+xn +(n−1)xn+
λ (n−2)

(n−1)(1+xn)
+c
}

dxn.
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Chapter 3

Perelman’s Entropy-type

Let M an n(⩾ 3)-dimensional compact smooth manifold without boundary. In [Lis08], List
defined the W-type functional on P(M)×R+ by

Wαn(g, f ,w,τ) =
∫

M
[τ(R∞ −αn|∇w|2)+ f −n]udV,

where u := (4πτ)−
n
2 e− f .

Suppose now M is an n(⩾ 3)-dimensional compact smooth manifold with boundary ∂M, and
consider a Perelman’s Entropy-type on P(M)×R+ given by

Wαn
∞ (g, f ,w,τ) =

∫
Ω

[τ(R∞ −αn|∇w|2)+ f −n]udV+2
∫

∂Ω

τH∞udA . (3.1)

In this chapter, we deal specifically with this functional.

Theorem 3.1. Let M be an n(⩾ 3)-dimensional compact smooth manifold with boundary ∂M,

and let Wαn
∞ be the Perelman’s Entropy-type on P(M)×R+ defined in (3.1). Its evolution is

given by

δWαn
∞ (v,h,ϑ ,ξ )

=
∫

M

[
(ξ gαβ − τvαβ )

(
Rαβ +∇α∇β f −αn∇αw∇β w− 1

2τ
gαβ

)
+2ταnϑ(∆gw−⟨∇ f ,∇w⟩)

+ τ

(vα
α

2
−h− nξ

2τ

)(
Rg −|∇ f |2 +2∆g f +

f −n−1
τ

−αn|∇w|2
)]

udV

+
∫

∂M

[(
ξ (2H + e0 f )+2αnτϑe0w

)
− τ

(
Ai jvi j + v00e0 f

)
+2τ

(vα
α

2
−h− nξ

2τ

)
e0 f

+2τH
(gi jvi j

2
−h− nξ

2τ

)]
udA,

where u := (4πτ)−
n
2 e− f .

Proof. The proof is very similar to the proof of the corresponding proposition of Chapter 1, see
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Proposition 1.20. Observe that the functional in (3.1) can be decomposed as

Wαn
∞ (g, f ,w,τ) =W∞(g, f ,τ)− τ

(4πτ)
n
2

∫
M

αn|∇w|2e− f dV .

Moreover, we can calculate the variation δWαn
∞ at (g, f ,w,τ) in the direction of (v,h,ϑ ,ξ ) as

follows

δWαn
∞ (v,h,ϑ ,ξ ) = δWαn

∞ (v,h,0,ξ )+δWαn
∞ (0,0,ϑ ,0).

So,

δWαn
∞ (v,h,ϑ ,ξ ) = δW∞(v,h,ξ )−δ

(
τ

(4πτ)
n
2

∫
M

αn|∇w|2e− f dV
)
(v,h,0,ξ )

− τ

(4πτ)
n
2

δ

(∫
M

αn|∇w|2e− f dV
)
(0,0,ϑ).

We will now compute each of the terms in the previous equality. The first one of them is (see
Proposition 1.20)

δW∞(v,h,ξ ) =
∫

M
(ξ gαβ − τvαβ )(Rαβ +∇α∇β f − 1

2τ
gαβ )+ τ

(vα
α

2
−h− nξ

2τ

)(
Rg −|∇ f |2

+2∆g f +
f −n−1

τ

)
udV+

∫
∂M

[
ξ (2H + e0 f )− τ

(
Ai jvi j + v00e0 f

)
+2τ

(vα
α

2
−h− nξ

2τ

)
e0 f +2τH

(gi jvi j

2
−h− nξ

2τ

)]
udA .

The second one is

δ

(
τ

(4πτ)
n
2

∫
M

αn|∇w|2e− f dV
)
(v,h,0,ξ )

=
(
1−n

2

)
ξ

(4πτ)
n
2

∫
M

αn|∇w|2e− f dV+
τ

(4πτ)
n
2

∫
M

αn

(
−vαβ

∇αw∇β w+ |∇w|2
(vα

α

2
−h

))
e− f dV

=
∫

M

(
1− n

2
)
ξ αn|∇w|2udV+

∫
M

ταn

(
− vαβ

∇αw∇β w+ |∇w|2
(vα

α

2
−h

))
udV .

The third one is

τ

(4πτ)
n
2

δ

(∫
M

αn|∇w|2e− f dV
)
(0,0,ϑ) =

∫
M

ταn

(
−2ϑ∆gw+2ϑ⟨∇ f ,∇w⟩

)
udV

−2αnτ

∫
∂M

ϑe0wudA .

Putting this together gives the variation

δWαn
∞ (v,h,ϑ ,ξ )

66



=
∫

M

[
(ξ gαβ − τvαβ )(Rαβ +∇α∇β f − 1

2τ
gαβ )+2ταnϑ(∆gw−⟨∇ f ,∇w⟩)+ τ

(vα
α

2
−h

− nξ

2τ

)(
Rg −|∇ f |2 +2∆g f +

f −n−1
τ

)
−
(
1− n

2
)
ξ αn|∇w|2 + ταnvαβ

∇αw∇β w

−αnτ|∇w|2
(vα

α

2
−h

)]
udV+

∫
∂M

[
ξ (2H + e0 f )+2αnτϑe0w− τ

(
vi jAi j + v00e0 f

)
+2τ

(vα
α

2
−h− nξ

2τ

)
e0 f +2τH

(gi jvi j

2
−h− nξ

2τ

)]
udA .

Absorb ταnvαβ ∇αw∇β w into the second bracket of the terms on the first line to get

δWαn
∞ (v,h,ϑ ,ξ )

=
∫

M

[
(ξ gαβ − τvαβ )(Rαβ +∇α∇β f −αn∇αw∇β w− 1

2τ
gαβ )+2ταnϑ(∆gw−⟨∇ f ,∇w⟩)

+ τ

(vα
α

2
−h− nξ

2τ

)(
Rg −|∇ f |2 +2∆g f +

f −n−1
τ

)
+

n
2

ξ αn|∇w|2

−αnτ|∇w|2
(vα

α

2
−h

)]
udV+

∫
∂M

[
ξ (2H + e0 f )+2αnτϑe0w− τ

(
vi jAi j + v00e0 f

)
+2τ

(vα
α

2
−h− nξ

2τ

)
e0 f +2τH

(gi jvi j

2
−h− nξ

2τ

)]
udA .

The required integral formula follows from absorbing −αnτ|∇w|2
(

vα
α

2 − h
)

into the second
bracket of the terms on the second line. □

Corollary 3.2. Let M be an n(⩾ 3)-dimensional compact smooth manifold with boundary ∂M,

and let Wαn
∞ be Perelman’s Entropy-type on P(M)×R+ defined in (3.1). If vα

α

2 − h− nξ

2τ
= 0

on M, then its evolution is given by

δWαn
∞ (v,h,ϑ ,ξ )

=
∫

M

[
(ξ gαβ− τvαβ )

(
Rαβ +∇α∇β f −αn∇αw∇β w− 1

2τ
gαβ

)
+2ταnϑ(∆gw−⟨∇ f ,∇w⟩)

]
udV

+
∫

∂M

[
ξ (2H + e0 f )+2αnτϑe0w

]
udA−

∫
∂M

τ

(
Ai jvi j + v00(H + e0 f )

)
udA .

Proof. Follows from Theorem 3.1 and equation (1.34). □

Corollary 3.3 ([Lis08, Sect. 6]). Let M be an n(⩾ 3)-dimensional compact smooth manifold
without boundary, and let Wαn

∞ be Perelman’s Entropy-type on P(M)×R+ defined as in (3.1).
If vα

α

2 −h− nξ

2τ
= 0 on M, then its evolution is given by

δWαn
∞ (v,h,ϑ ,ξ ) =

∫
M

[
(ξ gαβ − τvαβ )

(
Rαβ +∇α∇β f −αn∇αw∇β w− 1

2τ
gαβ

)
+2ταnϑ(∆gw−⟨∇ f ,∇w⟩)

]
udV .
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In the line of Corollary 3.3, List [Lis08, Thm. 6.1] showed that the system
∂

∂t g(t) =−2(Ricg(t)+Hessg(t) f (t)−αn dw(t)⊗dw(t))
∂

∂t w(t) = ∆g(t)w(t)−⟨∇w(t),∇ f (t)⟩g(t),
∂

∂t f (t) := h = vα
α

2 + n
2τ

=−∆g(t) f −Rg(t)+αn|∇w(t)|2g(t)+
n

2τ
,

d
dt τ =−1,

(3.2)

has a solution in M× [0,T ). To find a solution to (3.2) we consider a solution of the backward
heat equation ∂

∂t f (t) = −∆g(t) f (t)+ |∇ f (t)|2 −Rg(t)+αn|∇w(t)|2g(t)+
n

2τ
along the extended

Ricci flow in M × [a,b], which is obtained as follows. Let [a,b] be a sub-interval of [0,T ) and
(g(t),w(t)) satisfying the extended Ricci flow equation ∂

∂t g(t) =−2Ricg(t)+2αn dw(t)⊗dw(t)
with ∂

∂t w(t) = ∆g(t)w(t) and d
dt τ = −1 in [a,b]. Take z(t) := (4πτ(t))−

n
2 e− f (t) and define s =

T − t. Since ∆gz = (|∇ f |2 −∆g f )z, one has

∂

∂s
z =−z

n
2τ

d
ds

τ + z
∂

∂t
f = z(−∆g f + |∇g f |2 −Rg +αn|∇w|2g) = ∆gz−Rgz+αn|∇w|2gz

which is a parabolic equation in M× [a,b]. It guarantees the existence of f (t) along the extended
Ricci flow in M × [a,b]. Now, let {φt}t∈[a,b] be the one-parameter family of diffeomorphisms
generated by {−∇g(t) f (t)}t∈[a,b], with φa = Id. By setting g̃(t) := φ∗

t g(t), w̃(t) := φ∗
t w(t),

f̃ (t) := φ∗
t f (t), we have

∂

∂t
g̃(t) = φ

∗
t (

∂

∂t
g(t))+φ

∗
t L d

dt φt
g(t) =−2(Ricg̃(t)+Hessg̃(t) f̃ (t)−αn dw̃(t)⊗dw̃)

as well

∂

∂t
w̃ = φ

∗
t

(
∂

∂t
w
)
+φ

∗
t L d

dt φt
w = φ

∗
t

(
∆w

)
−φ

∗
t L(∇g(t) f (t)

)w = ∆g̃w̃−⟨∇w̃,∇ f̃ ⟩g̃.

Moreover,

∂

∂t
f̃ (t) = φ

∗
t (

∂

∂t
f (t))+φ

∗
t L d

dt φt
f (t) =−∆g̃(t) f̃ (t)−Rg̃(t)+αn|∇g̃w̃|2 + n

2τ
.

The first and third equations imply
g̃αβ ∂

∂t g̃αβ

2 − ∂

∂t f̃ + n
2τ

= 0. Hence, (g̃(t), f̃ (t), w̃(t)) is a solution
to (3.2).

Now, observe that

ξ gαβ − τvαβ =−gαβ − τ
(
−2(Rαβ +∇

α
∇

β f −αn∇
αw∇

β w)
)

= 2τ(Rαβ +∇
α

∇
β f −αn∇

αw∇
β w− 1

2τ
gαβ ),
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and then by Corollary 3.3 we obtain

d
dt
Wαn

∞

(
∂

∂t
g̃,

∂

∂t
f̃ ,

∂

∂t
w̃,

d
dt

τ

)
= 2τ

∫
M

[∣∣Ricg̃+Hessg̃ f̃ −αn dw(t)⊗dw(t)− 1
2τ

g̃
∣∣2

+αn(∆g̃w̃−⟨∇̃w̃, ∇̃ f̃ ⟩g̃)
2
]
ũdVg̃,

where ũ = (4πτ)−
n
2 e− f̃ . So, Wαn

∞ is constant in time if and only if (g̃(t), w̃(t)) is a gradient
shrinking soliton to the extended Ricci flow on M with potential function f̃ (t).

The variation of Wαn
∞ under preserving-measure vdV (see Corollary 3.2) from which one has

δWαn
∞ (v,h,ϑ ,ξ )

=
∫

M

[
(ξ gαβ − τvαβ )(Rαβ +∇α∇β f −αn∇αw∇β w− 1

2τ
gαβ )+2ταnϑ(∆gw−⟨∇ f ,∇w⟩)

]
vdV

+
∫

∂M

[
ξ (2H + e0 f )+2αnτϑe0w− τ

(
Ai jvi j + v00(H + e0 f )

)]
vdA .

Now changing (2.30) to {
∂

∂t u =−∆gu+Ru−αn|∇w|2u+ n
2τ

u,
d
dt τ =−1.

(3.3)

satisfying the boundary condition e0u = Hu with u = e− f , then we proceed as in the proof of
Proposition 2.19 in order to obtain by Corollary 3.2

d
dt
Wαn

∞ = 2
∫

M
τ

[∣∣Ric+Hess f −αn dw⊗dw− 1
2τ

g
∣∣2 +αn

(
∆gw−⟨∇w,∇ f ⟩

)2
]
vdV

+2
∫

∂M
τ

(
∂

∂t
H −2⟨∇̂ f , ∇̂H⟩+A(∇̂ f , ∇̂ f )+2R0i

∇̂i f − 1
2

∇0R−HR00 −
H
2τ

)
vdA .

In particular, by considering M compact without boundary, we recover the result by List [Lis08,
Thm. 6.1].
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